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PREFACE. 



The following pages are not intended to super- 
sede oral instruction, but they contain, I hope, 
all that will be found necessary for mastering the 
elementary parts of Trigonometry. I have en- 
deavoured to avoid introducing anything not funda- 
mental, while attention has been paid to those 
points in which I have found by practical ex- 
perience that beginners usually err. I presuppose 
that the Student has a Tutor, and put this short 
summary forward simply as a text-book. I have 
appended a system of examples, with references 
to the articles which they are framed to illustrate; 
in addition to which I have in most cases worked 
out one as a sample. It will, I think, be found 
sufficient to meet the requirements of the Honour 



Vi FKEFACE. 

Little-GK>, and be of use in claeses of schools, as 
preparatory to fuller treatises. 

In conclusion, I take this opportunity of thank- 
ing the Bev. H. Latham, for kindly suggesting 
amendments, and to H. B. Buckley, B.A., for re- 
vising the work when in manuscript. 



A. STOKES. 



Tbinitt Hall, 

Gambbidge, 1868. 
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CHAPTER I. 

THE MEASUBEMENT OF ANGLES BY DEOBEES AND OBADES. 

1. Plane Trigonometry comprises investigations relating 
to plane angles (Euo. I. Def. 8), such investigations being 
made by the aid of algebraical symbols and formulae. 

2. To compare angles we must of course have some 
means of measuring them. In order to measure quantities 
of the same denomination we must have a standard of re- 
ference or unitf which may be thus defined : 

Def, A unit is the quantity in terms of which all other 
quantities of the same kind are expressed. 

Thus in money matters we fix upon a certain weight of 
gold, and say that it shall be called one pound sterling ; 
double that weight of gold will then be called two pounds 
sterling, and so on; the weight of gold therefore which 
we chose is our unit. 

3. In measuring angles there are three methods in use ; 
each of course having a different unit. They are 

(i) The English or sexagesimal method. 
(ii) The French or centesimal method, 
(iii) The method of Circular measure. 
The first two only will be treated of in this chapter, the 
third being reserved for separate discussion. 

B 



2 MEASUREMENT OF ANGLES. 

4. (i) By Euc. i. Def. 10, a right angle is defined thus : 
" When a straight line standing upon another straight line 
makes the adjacent angles equal, each of them is called a 
right angle." 



J^ 



Thus, if L A OB = ^ A' OB, each is a right angle, and 
by Euc. 1. 15, Cor. 1, 

AOB^ BOA' + A'OB' + BOA = 4 right angles. 

The English method divides a right angle into 90 equal 
divisions, called degrees, each degree again into 60 minutes, 
each minute again into 60 seconds ; one degree being con- 
sidered the unit of this system. 

An angle of eighty-four degrees, fifteen minutes, and 
thirty-eight seconds is thus 'written : 

84° 15' 38", 

° to the right of 84 signifying degrees, ' minutes, " seconds. 

This method derives its name sexagesimal from the Latin 
sexaginta, meaning sixty. 

5. (ii) The French method divides a right angle into 
100 equal parts called grades, each grade into 100 minutes, 
each minute into 100 seconds ; one grade being considered 
the unit in this system. 

An angle of ninety^seven grades, eighty minutes, and 
nineteen seconds would be written thus : 

97* 80' 19", 

^ standing for grades, ^ for minutes, *' for seconds. 



MEASUBEMENT OF ANGLES. 3 

This method deriyes its name centesimal from the Latin 
centum, meaning a hundred. 

The advantage of this system is that any angle can be 
at once written down as a decimal of a grade. The above, 
for instance, would become QT^'.SOIS. So 83^^ 7r 1'* would 
be at once written 83«'.7101, 

6. To find the number of grades in an angle expressed 
by degrees, and vice versd. 

Let D s the number of degrees in the angle, 
G = the number of grades in the angle. 

Then, since by what has been said above, 90 degrees are 
equal to 100 grades, each making up a right angle, 

D:90:: O:\00, 

or 1002) = 906? J 

therefore G' = 122d = ~D = 2> + ~, 

90 9 9 ' 

D=?^G = ^G^G-^. 
100 10 10 

Thus to transform an angle from degrees to grades, we 
must express the angle in degrees and decimal of a degree, 
and add one-ninth of such expression to itself This will 
give the angle in grades and decimal of a grade ; we can 
then express it in grades, minutes, and seconds. 

To transform an angle from grades to degrees, we must 
express the given angle in grades and decimal of a grade, 
and subtract one-tenth of such expression from itself This 
will give the angle in degrees and decimal of a degree, and 
we can then find its value in degrees, minutes, and seconds. 
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CHAPTER II. 

CIECULAR MEASURE. 

7. In this chapter the third method of measuring angles 
ivill be considered. 

It will be assumed that the circumferences of circles 
vary as their radii, and that if r be the radius of any circle, 
its circumference will be equal to 27rr, where 9r = 3.14159..., 
that is, TT is the number of times that the diameter of a 
circle is contained in the circumference. 

8. Let A CB be a circle of any radius OA, Mark off 
along the circumference an arc ^^ = OA. 




Let ^ C be any other arc. Join OB, OC. Then (by 
Euc. Vl.^ 33), since angles at the centre vary as the arcs 
on which they stand, 

/_AOC _ eircAC 
Z.AOB^ BicAB' 

Let arc A Che denoted by I, and OA by r; also AB = r 
by the construction. Thus 

Z.AOC=-x(LAOB). 
r 
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9. If DOW the angle A OB is an inyariable angle, i.e, if 
the angle euhtended by an arc » radius is invariable, what- 
ever radius be taken, we may use it as our unit of circular 
measure. 

lAOB arc AB 



Now 



t,e. 



4 right angles " whole circumference ' 
LAOB ^ r 
360° "" 2'7rr ' 



therefore z^OJ? = ^- — « 57^.2957. .. 

by division, and is therefore invariable. 

10. We may therefore take as our unit of circular 
measure an angle of 57^2957..., i.e,, an angle subtended by 
an arc » the radius. 

We have then an expression for any angle AOC, 

- - ^ / arc 
Z-40C=- 



r radius' 

which is called the circular measure of /,AOC; or if 

/ 
AOC=0,Os-' a general expression. 

r 

11. Of course if we wish to express in degrees an 
angle expressed in circular measure, we must multiply such 
an expression by the number of degrees in the unit of 
circular measure, i.e, by 57^2957.... 

Thus, an angle represented in circular measure by 2 
would be an angle of 

2 X (67^2957...) = 114^5914. 

12. To express 30°, 46% 60°, 90°, 120°, 135°, 180°, 210°, 

270°, &c. in circtdar measure. 
/ 
^ s - is our general expression. (Art 10). 



6 CIRCULAR MEASURE. 

Now if ^ = 180°, / = arc e } circumference = J27rr = irr ; 
therefore 

r 

That is, w is the circular measure of 180®; therefore, since 

- = circular measure of 30°, 
6 

TT 

J= 45°, 

5= ^' 

IT 

2= ^^ 

27r 
3-= 120°, 

4"= 136°, 

?= 21°°' 

^= 270°. 

2 

2\) (f^n6 ^Ad circular measure of an angle, 

(c 

A 




Let AB, AC he two straight lines meeting in A, With 
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centre A and any radius describe a circle cutting AB, AC 
in B, C, Then, if r = radius of this circle, 

« t% -n ^ ^^ flrc B C 

circular measure of L BA C = . 

r 

13. To express in degrees an angle whose circular measure 
is known. 

Let be the known circular measure, x the number of 
degrees in the angle. Then 

X 

w^ 180 ' 

180 
therefore a; » .^ « (57.2957. . .) 0, 

TT 

as was noticed above. (Art. 11). 

14. To express in circular measure an angle which is 
given in degrees^ 

The above formula will enable us to do this also. 
Thus, using the same notation as before, 

= 7r "^ 



180' 
whence x being known, is also known. 

15. If y = the number of grades in an angle, its 
circular measure, we shall have in a similar manner 

200^ 

y = — 0, 

TT 

and ^=200^' 
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CHAPTER III. 

THE TBJGONOMETBICAL FUNCTIONS. 

16. Let A OB be any angle, ^ suppose. In OB take 




any point P. Draw PM perpendicular to OA, Then 
OMP is a right-angled triangle. Now 

(i) -p-^ = T ^» f is called the sine tA LA OB : 

OP hypothenuse 

i.e. of Af and is written sin^. 

(ii) -^i^ = ; 7; 1 is called the cosine of A, and 

OP hypothenuse 

is written cos^. 

^, hypoth^use .^ ^^^^^^ ^^^^ ^^^^^^^^ ^^ ^ 
^ ' Pilf perpendicular 
and is written cosec^. 

(iv) = -^^ ■ is called the secant of A, and 

' OM base 

is written sec^. 

, . PM perpendicular . n j .v. -» ± e ji 

(▼) T^^M-^- — ^-T » IS called the tangent of ^, 

^ "^ OM base 

and is written tan^. 
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written cot^. 

With centre and radius OP describe a circle cutting 
OA in P'. 

, .., , OM , OM or- OM PM . ,. . 

(▼") ^ " OP * ^ " Oi^ " — 0F~ ° OP ' " ®*"®^ 
the verstne of ^, and is written Ters^. The versine of A 
might have been defined as 1 - cos ^. 

PM 
(viii) 1 *-y)n ' ^^ called the coversine of ^i and is 

written covers^ ; in other words, covers^ - 1 - sin^. 

17. From (i) and (iii), we see that since 

PM OP , , . . . 

UP PM 

therefore sin^ = 7, and cosec^ = -: — 5 . 

cosec^ sm^ 

From (ii) and (iv), 

cos^ X sec^ ■ 1; 

therefore cos^ » :; sec^ 



sec^ cos^ 

From (v) and (vi), 

tah^ X cot^ a 1* 

therefore tan^ ■ — -~z\ cot^ = r. 

cot^ tan^ 

PM 

_ _ . ^ . PM OP %vciA 

ByDef. tan^ -^- 5^- ^^. 

OP 

. . C08-4 

so cot -A " . ^ , 

wciA 
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18. 2>^. The eomplemeni of an angle is its defect from 
a right angle. 

Thus, if ^ be any angle, 90° - ^, KKK - -^, ^ - A, wUl 

express the cotnplement of A according to the three methods 
of measurement of angles. 



By our Definition, if L BOA e A, 

PM 



vmA s 



OP 



PM 

Similarly ^ = cos OPJf = cos(90° - A) ; vide (ii) 

therefore sin^ = cos (90° ^ A). 

That is, The sine of an angle is the cosine of its eoniple- 
ment. • 

Similarly, The cosine of an angle is the sins of its com- 
plement. 

The tangent of an angle is the cotangent of its complement. 

The cotangent of an angle is the tangent of its complement. 

These may be thus expressed, 

sin-4 = co8(90° - A); co&A = 8in(90° - A) ; 
tan^ = cot(90° - A); cot A = tan(90° - A). 

19. Def The supplement of an angle is its defect from 
two right angles. 

Thus, 180° - At 200*' - ^, tt - ^, express the supple- 
mentof^. 
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20. The Trigonometrical ratios remain unchanged so 
long as the angle remains unchanged. 




Let BAC be any angle A. Take P, P, in AC, and 
draw PM, PiM^ at right angles to AB. 

Also, taking P^ in A C, draw P2^2 ^^ right angles to 

ity meeting ^^ in M^, 

Then, by our definition, 

PM 



sin A 



AP 



But, by similar triangles, 

PM P,M^ P^M^ 
AP " AP^ ' AP^ ' 

That is, the sine of A is the same whether we form it 
from the triangle APM, or AP^M^, or AP^.^ 

This of course holds good for the other Trigonometrical 
Ratios. 

21. It may be as well here to point out the modes of 
writing the various powers of the ratios. 

The square of Bin A is written (sin -4/, or more usually 
sin* -4. 

The cube of Bin A similarly as sin'^, and so on for higher 
powers, and for the other ratios. 

The square root and cube root of sin^, are written 

(sin^)', (Bin Ay f or more usually Vsin.^, ysin-^; some- 
times also sin'^, sin'^. 
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Sin'^, sin'^ must be carefully distinguished from 
sin 2^, sin 3^. Sin 2^ means the sine of an angle, which 
angle is twice as large as A, 

Thus, if ^ = 13°, sin2^ = sin26°. 

Similarly, sin 3^ would be = sin39^ 

It must aho be remembered that each of the expressions 
sin^, cos^, etc., is a ratio, i,e, a fraction, and must be 
treated as an a or 6 would be treated in Algebra. Con- 
sequently sin^ can never be written A sin, for it would 
have no meaning, nor can sin 3^ be written 3 sin^, except 
in the case where we have to deal with an angle which 
would satisfy the relation sin 3^ = 3 sin^. 

Again, sin'^ cannot be written either as A sin' or 
A* sin ; nor do sin'^' and A* sin' express what is meant 
by (Bin A)*, 

22. These remarks apply also to all the ratios besides 
the sine. If we hate an expression such as 

sin'^ = sin^^, 
we can divide by sin*^, i,e. (sin^)*, and we have 

1 = sin'^. 
This is evident if we write our expression as 

(sin^)« = (8iD^y, 
which corresponds to an algebraical equation 

a* = a^ - a^a*. 
From this we see that we may write 

sin* -4 cos'^ + cos*^ sin^A. 
as sin* -4 cos* -4 (cos-4 + sin* -4). 
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23. We have seen above that 



Hence 
also that 



or 
so 



OP ^°®^' 
0M= OP cos A; 

PM . ^ 

OP = "°^' 

PM^ OP sin ^, 
PM=^ OMisjLA, 
OM = PM cot A, and so on. 



This way of finding an expression for one side of a 
triangle in terms of one of the others and some one of the 
ratios, should be practised. 




Ex. In the triangle ABK, where B= 90^ if Z -4X5=^, 

-4^ = ^jrtan^, 
KBsece^AK. 
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CHAPTER IV. 

CERTAIN BELATIONS AMONG THE BATIOS. 

24. To shew thatt whatever angle A may be, 

8in*-4 + COB* A = 1. 




Let POM be any right-angled triangle with angle 
OJfP = 90°. Let I. POM = A. 
By Euclid I. 47, 

OP" = PM"" + MO"; 



therefore 1 = - 



• M^ (PMy fMO\f 
'^ OP" ^\OPl ^\0P) ' 



OP* 

or 1 = sin" -4 + co&*A, 

that is, whatever A may he, this relation always holds. 

Whence sin*^ = 1 - oos*A^ bidA = ^{1 - coB*A)f 

and cos* -4 = 1 - sin* -4 J ' cos^ = V(l - sin' -4). 

That is, if we know sin^ we can find cos^, and vice versd, 

25. To shew that 

sec«-4 = 1 + tan* -4. 

As before, OP" = OM* + MP* ; 
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"-"»• Q"-*(^)". 



or 



or, since 



•eo*^ « 1 + tan"^, 
co8«^ m -JLj (Art. 17), 



COB* A 



sec*A 
1 



1 + tSLn'A ' 
also secAts^(i^ tan'^), oosJl 
Again, diTiding by MI^, 



V(l + tanU) • 



/OP\t (0M\* 



or 


eoseo*^ s 1 + oot*^, 


and 


• nj 1 




(I + cot* A) 


Tbatis, 


couecA o V(l + cot"^)' 


and 


.1 I 


(•1A\* 


•""'* " V{1 + cof^), • 


26. Since 


Bin' A - 1 - oos*^, 




MA 

we have, from the above results, 

1 1 -f tan*^ - 1 

1 + tanM ° 1 + tan*-4 ' 



sin'^ » 1 - 
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16 OEBTAIN RELATIONS AMONG THE^RATIOS. 

tan" -4 



or sin*^ = 



sin'^ 



1 + tan«^ ' 

tan^ 
V(l + tan'-4)* 



We have thus expressed both sin^ and cos^ in terms 
of tan ^. We also know that 

cot^ = Y* sec^ = ^ , cosec^ 



tan^ cos^ sin^ 

We have therefore only to express vers^, covers^, in 
terms of tan^, and we shall have expressed all the other 
ratios in terms of tan^. The cover sine is so seldom used 
that it will be enough to shew it for the versinef 

1 



versing = 1 - cos^ t= l - 



V(l + tanM) ' 



27. By similar methods, if we have any trigonometrical 
ratio given, we can find all the others from it. Thus, if 

sin^ = J, 

V(3), 



COS0 = V(l - sin"0) = V(l - i) = ± 



2 



^"^=SI"v*=*v^)- (^''•")' 
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CHAPTER V. 

THE BATIOS OF CEBTAIN ANGLES. 

28. To^nd the Trigonmnetriedl ratios fw 30°, 45^ 60°; 
thatis, ^-, J, -. 




Let BA C7 be a right-angled triangle with right angle 
at^. 

Let the angle BAC^^.h^\ therefore also the angle 
ACB^ 45'' (Euc. I. 32), and 

AB = BC. 

By (EucHd I. 47) 



whence 



or 



Similarly 
and 



AC^AB'^BC^IAB', 
\AC) 2* 

BC \ . ..o . "■ 
-7-7L= —r-r- = Bin4o° = sm - . 
-4C V(2j 4 
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1 

Hence tan 45® « tan ^ = ^cLi = 1, 

4 1 

V{2) 

V(2) 

29. Without a figure this may be shewn thus : 
We know that if -4 be any angle, 

8in"-4 + cos'^ = 1. 

Now we also know that 

sin^ = cos(90° - A) (Art. 18), 

so that 8in46° « co8(90° - 46*') = cos46°, 

and the above becomes 

2 sin«46® = 1 j 

therefore sin45® = --^ = C0845'' as before. 

30. Let ABC he an equilateral triangle. 
Each of its angles = 60®, i.e. B = 60°. 
Draw AD perpendicular to BC. 

Then (by Euc. i. 26) 

BD^BC^\AB, 

since AB = BC^AC. 

„ ^^ BD \AB 1 

Hence *^*>«®^ =:i5' ^TB ' 2 ' 
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V(3) 

2 
Hence tan 60° = — -- = V(3)' 

2 
Now 00860° = Bin(90° - 60°) = Bin30° (Art 18) j 

therefore gin30° = -, 

also co830° » Bin (90° - 30°) « sin 60° (Art 18) ; 

therefore cos 30° = -^ , 

and tan 30° = 



V(3)- 

The sine, cosine, and tangent of 30°, 45°, 60° should he 
rememhered. 

Is Art. 28 we found 

This, if expressed as a decimal, would he 

Bin46° a .70710, so cos30° = .86602. 

Tahles haye heen formed of all the Trigonometrical 
Functions, calculated to ^ve places of decimals, and are 
called " Tahles of Natural Sines, Cosines, &c." It is found 
that to fiye places of decimals the yariation hetween the 
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natural sines, &e. of ofi^2et differing anfy by one degree is 
proportional to the Tariation in the angle. 

Suppose we are asked to find 8in46° 3d' 0*. 

In the tables we haTe 

8in4G^ » .71934, 8in4r«.7313& 

The difference for P, Le, W, is therefore 

.73135 - .71934 « .01201. 

Let X be the required difference for 35'; by what has 
been said, we haye this propordon, 

60' : 35'::. 01201 :t, 

.01201 X 35 .01201 X 7 .08407 ^- , 
.:.__ _ _=.007 nearly, 

and sin 46*' 35' » .71934 4- .007 » .72634. 
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CHAPTER VI. 



APPLICATION OF ALGEBRAICAL SIGNS. 

31. In Euclid we haye to deal with angles less than 
two right angles. 

In Trigonometry however we are not limited in any way 
as to the size of the angles. In order more conveniently 
to determine the various relations which we shall meet, 
certain conventions have been used. 

32. Let O be a fixed point, MOM' a fixed line passing 
through it. 

jaf o M 

It is found convenient to call all lines measured to the 
right of 0, t.e. from O to My positive ; those from O towards 
M'f negative. 

Thus if OM represent a distance 2. OM*^ if measured 
equal to OM, will be represented by - 2. 

Again, through O draw a line NOW at right angles 
to MOM\ 



M' 




We again, for convenience, shall call all lines measured 
from O above MOIIT, positive ; all hehWi negative. 
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ThuB if we take points C, 8, B within the angles HON, 
NOM'i M'ON* respectiyely, and complete the figure, 

^Cis + being ahove M'OM, 

0-4 is + being to the right of NON'. 

But OT is - being to the left of NON\ 

while iST is +. 

Again, BH, OR are both negative. 

33. These conyentlons we shall find sufficient for lines. 
We shall now proceed to angles. 




Suppose a fixed point, draw A'OA, BOB at right 
angles to each other through it. 

Let OP reyolve from an initial position OA, and come 
to the position P, by reyolving from right to left, i,e, in a 
direction contrary to the hands of a watch. 

All angles generated by OP reyolying from right to left 
we shall c^Xi positive : those by OP revolying in direction 
from A towards ^, f . e. (m the hands of a watch, negative. 

Thus A OP is a positive angle. 

If now OP revolves on through B, A', B' to P', AOP' 
the angle traced out will still be positive. 

But if OP start from OA and revolve through P', A\ 
B to P, then AOP* is negative, as also the Z -4 OP (> ISO**). 

It will be observed that each of the angles AOB, BOA', 
A'OB, BOA is a right angle, and thus the whole circle is 
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divided into four equal compartmeDts. These are called 
quadrants, and are numbered in order according to their 
succession in the positive direction for angles, f . e, 

A OB is the first quadrant, 
BOA' is the second, 
A'OB" is the third, 
^O^ is the fourth. 

Thus A OP is an angle in the ^r5^ quadrant, AOT 
(> 180°) an angle in the third quadrant, 

34. We haye said that we are not to be limited as to 
the size of our angles. 

Hence if we call the angle A OP, A, and suppose OP 
to revolve from OA through all the quadrants round again 
to OP, moving always in the positive direction, we have 
an angle (360"^ + A). 

If through two revolutions {i.e, twice through all the 
quadrants) and on to OP we have an angle 720° + A, 
and so on as large as we like. 

So, again, if OP revolves from OA in the negative 
direction once round and beyond to OP*, we haye an angle 

- (360° + A') if OAP" = A\ 

35. Let OP, OQ be two positions of the revolving line. 

PM 



Then sin PO-4 = 



OP' 



If now OP revolve through 360° it will again be at OP, 

and we have 

PM 
sin (360° ^A)=^,as before, 

for OA is the original base, OP is the hypothenuse, PM 
is a perpendicular from any point in OP upon OA. 
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PM 

Similarly sin (720° ^A)^^. 

Now the fundamental triangle for the angle AOQ \% 
found by dropping a perpendicular from Q upon AOA' the 
base produced. Hence 

for ON is to the hft of O, and therefore negative. 
So co8(360° + AOQ) = - ^= co8(720*» + AOQ). 

Hence we see that the values of the trigononietrieal ratios 
recur after every complete revolution, 

36. A complete revolution is equivalent to moving 
through 360% i. e, 27r, as expressed in circular measure, for 
the CM. of 180^ was shewn to be tt (Art. 12); so 

CM. of 360° + ^ = 2w 4 a, of 720° + ^ = 4w + a, 
where a is the value of A expressed in C. M., %, e, generally 
2mr + a, where n is any positive integer or zero. 
Hence from the last article 

sin a = sin (2«7r + a), cos a = cos(2n9r + o). 
Similar results hold in the case of angles formed by 
revolutions in a negative direction. Thus 

cos a «= C08{- {2mr + a)}. 

87. If therefore we know that an angle 6 has a certain 
sine, cosine, tangent, &c., we know that any angle given 
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by + (2n7r 4 0) will also haye the same sine, costne, tangent , 
&c. as 0. 

38. We have shewn (Art, 18) that sin (90° - ^) = cos^ 
and that similar relations hold among other of the ratios. 
We will now show that 

8in^= 8in(180°-^j, 

cos-4 = -cos(180°-^). 

Let the angle POA = A. 

At the point O in A*0 make the angle POA' = POA, 




Then MOP = 180° - A'OP = 180° - A. 

Take any point P in OP^ draw PM perpendicular to 
OA, and let OP revolve from right to left, i,e, in the 
positive direction, so that OP' = OP, 

Draw P'M' at right angles to 0A\ 

Then, by construction, the triangles POM^ POM' are 

equal in ail respects (Euc. I. 26). 

PM' PM 
Now sin(180° - A) = sinP'O^ = :^ = £J , 

for OP the revolving line is considered to be always positive, 
and PM being measured above A OA' is positive, and equal 
in magnitude to PM. Hence 

PM 

sin(t80°-^) = 4^=sin^. 



OP 



E 
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Again, 



co8(180»-^) = .^'. 



Now OP' B OP as before, but OM'j though equal in 
magnitude to OM, is of different sign, being measured to 
the left of BOR, and therefore negative. Hence 

CO8(180° - ^) = - .2^ = - cos^. 

39. From the last article we see that 

* MQAo ^\ 8in(180°-jl) sin^ 

tan(18(y - A)^ — 7-— r j^ ••= 7 = - tSLnA^ 

^ ' cos(18U°--4) -cos-4 

or we might prove this at once from the figure. Thus, 
tan(180° - -4) » -77-^77 = — pHTr =-tan^, 



OW - OM 

1 1 

008(180°-^)"^ -cos^ 

cosec(180**--4) = -: 



so 8ec(180®--4)a 



= - sec/dt, 
ts cosec^, 



sin(180°-^) 8in-4 

versin(180° - ui) = 1 - cos(180° - -4) = 1 + cos-4. 

40. To connect the trigonometrical ratios of an angle 
with those of the angle formed by adding 90° to it. 
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Let POM= A. Draw PMat right angles to OA. 

Let OP revolve through 90° to OP. 

ThenrOM^dOP + A. 

Draw P'JiT at right angles to 0A\ 

Then, by Geometry, 

OM' = PM, P'M' = OM numerically. 
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Now 



sin(90° + ^) = -^— = -g^ = cos^, 

OM' 
008(90° + ^) c , and since OJT is negative ^ 

"PM 



OP 



= - sin^, 



tan(90° + ^) = -£??4r = - cot^, 
^ ' - sin -4 

cot(90° + -4) « 'l^^ = - tan^. 



41. To connect the trigonometrical ratios of an angle and 
the angle formed hy adding 180° to the angle. 
Let POM^ A. 
Produce PO to P'. 
Make OP' = OP. 
Draw PM' at right angles to OA'. 
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Then the triangles TOM, POM* are equal in all re- 
spects, and A OP s 180° 4 ^ measuring from right to left 
in the positive direction ; and we haye 

. ,-Q^ ^, PM* -PM 
sin(180» + ^) = -^^ = -^^ = - sin^, 

/toAo >x OM' - OM . 

cos(180° + ^) = -^^ = -^^ cos^, 

and similar relations may be shewn to hold good for the 
other ratios. 



42. Suppose we meet with such an angle as 540^ + A, 
and wish to connect its sine with that of A, 

The angle may be thus written, 360^ + (180*> + A), 

Now, by Art. 35, the ratios recur after every complete 
revolution, t. e, after every addition (or subtraction) of 360^ 

Hence sin(540^ + -4) = sin(180° + -4) o - sin-4 by the 
last article. 

Consequently, when dealing with large angles we need 
only concern ourselves with finding how many complete 
revolutions, f . e, how many times 360° are contained in it, 
and then proceed to find the value of the required ratio of 
the remainder (if any). If there be no remainder, the 
trigonometrical ratio of an angle of 0° is the one required. 

43. By continuing the proofs of the last three articles 
for the fourth quadrant, it will be seen that throughout the 
quadrants the algebraical sign of each ratio varies. Thus 
sin^ in the first quadrant is positive, 

PM' 

sin (180° + A) in the third = ^~=- (fig.. Art. 41) and is 

negative, for PM' is negative. 
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Variations of this kind will be shewn to hold good 
in the case of the other ratios. At present we shall only 
remark that since we have 

sin*^ a 1 - COB* A, 

sin A = ± V(l - cosM), 

we must have some guide in any particular case to shew 
us which sign is to be taken. 
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CHAPTER Vn. 



44. To Iraee the change in tign and mtignilade of the 
tint of an angle at tht angle tariti. 

Let ADA', BOB' be our two lines mutually at right 
angles, dividing the plane of the paper into four quadiante. 




Let OP start hom OA and lerolve in the poutiTe 
direction. 

Tbm .inPOlf.^. 

In the^ff quadrant PM is positiTe, and therefore the 
sine is poaitive,/or OP is of tnvariahle tign. 

Ai OP leTolves from OA to OB, PSt inereatti from 
to 03, i.t. from Ota OP. 

Hence sinP03f varies from -^ '° Tip' *•'■ '^™ ° ^ 
1, and itpotitive. 

In the etcond quadrant PM is still polities, and there- 
fore the (MM positive. 

As OP revolves from OB to OA', PM decreases &om 
OP too. 
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Hence sin POM varies from -^ to r^p, i,e, from 1 

to and Ib positive. 

In the third quadrant JPM is neffative, being below 
AOA\ and therefore the sine is negative. 

As OP revolves from OA' to OJB', PJlf increases from 
to OjS', t. e. from to OP, being negative; so that we 

have sinPOJtf* varying from ^r^ to - -^r^ , i. e, from to 

UJtr UJr 

- 1 and negative. 

In the fourth quadrant PM is still negative, and there- 
fore the sine is negative. 

As OF revolves from OB' to OA^ PM decreases from 
0B\ ue, OP to 0, being negative, so that we have 

sin POM varying from - -^p to j^ , i. e, from - 1 to 0, 
and negative, 

45. These results may be thus tabulated : 
The sine varies in quadrant 

from to -f 1 and is positive, 

from + 1 to , 

from to - 1 and is negative, 
from - 1 to 

It may also be noticed that 

sin 0° = 0, 

sin 90° = sin ^ =+1, 
sin 180° = sin TT = 0, 
8in270° = sin^=- 1, 
sin 360° = sin 27r = 0. 
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46. To trace the change in sign and magnitude of the 
cosine as the angle varies. 

Using the same figure as in the proof for the sine, we have 

and therefore depends on the sign, and magnitude of OM, 
since OP is of invariable sign and magnitude. 

In the Jlrst quadrant OM is positive, and therefore the 
cosine is positive. 

As OP revolves from OA to OB, OM decreases from 
OAf i.e, OP, to 0. 

Hence cos P03f varies from -y^ to -yp, ue, from 

to 1 and positive. 

In the second quadrant OM is negative, being measured 
to the left, and therefore the cosine negative. 

As OP revolves from OB to OA', OM increases from 
to 0A% i.e, OP, being negative, so that we have 

cos POJf varying from — ^ to - -y=, i.e, from to - 1 

and negative. 

In the third quadrant OM is still negative, and the 
cosine therefore negative. 

As OP revolves from OA' to OB', OM decreases from 
OP to 0, being negative, so that we have cos POJf vary- 
ing from - ^Yp *° 77p » *• *• ^0°^ - 1 to 0, and negative. 

In the fourth quadrant OM is positive, and the cosine 
therefore positive. 

As OP revolves from OP' to OA, OM increases from 
to OA, i.e, OP, being positive, so that we have 

cos POM varying from j^p ^^ TyB^ '•*• iTom. to 1, and 
positive. 
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47. These results may be thus tabulated : 
The cosine varies in quadrant 

from. + 1 to and is positive, 
from to - 1 and is negative, 

from - 1 to , 

from to + 1 and is positive. 

The following results may also be noticed : 

cos 0° = f 1, 



w 



cos 90® = cos — 
2 



0, 



cos 180° = COSTT = - 1, 

0, 
cos360'' = cos27r = + 1. 



cos270° = cos— = 
2 



48. To trace the change in sign and magnitude of the 
tangent as the angle varies. 

We shall only write down the results in this case, which 
is proved at length after the manner of the two preceding 
articles. 
, The langent varies in quadrant 






fl 
2 
3 

14 



from to + 00 and is positive, 

from + 00 to and is negative, 

from to 00 and is positive, 

from 00 to and is negative. 



49. The appearance of the symbol for infinity may 
perhaps perplex the student, seeing that it does not occur 
with the sir^e and cosine. If however he will draw an angle 
very nearly 90°, he will see that by making the hase small 
enough, the ratio of the perpendicular to the base may be 

p 
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made as large as he pleases, i,e, the tangent of the angle 
(vide Def., Art 16) is very large, and may be made 
indefinitely so, the nearer we approach to 90°. This is 
expressed by saying that 

tan 90° = 00 . 
In our figure 

tanPOiyr=-g^. 

Now, at 90°, OM^O, PM^OP, 

^^,^ OP 

t8JxP0M=— =00, 

according to the usual interpretation of that symbol. 

We have 

tan 0° = 0, 

tan 90° = tan - = + oo , 
tanl80° = tan7r = 0, 
tan270° = tan-^= oo, 
tan360° = tan29r= 0. 

50. The secant, cosecant, cotangent, &c. may be treated 
in the same way, or derived from the preceding articles. 

Thus secl80° = — \^^ = — = - 1, 

cos 180° - 1 

co^90° = -^ = ~ = 0. 
tan90° + 00 

51. From what has been said it may be seen that 
the algebraical signs of the ratios vary in the different 
quadrants. 
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Consequently, if we know in which quadrant an angle 
liesi we can determine the sign to he given to its iinOy cosine^ 
&c., and thus, in such expressions as 

sin-4 = ± V(l - cos*^), 

we are no longer in douht as to the proper sign. 

If A lie in the third quadrant, sin^ is negative ; there- 
fore we write 

sin -4 = - V(l - cos'-4). 

52. If the student will refer back to Arts. 44-50 he will 
see that we have the means of obtaining every result given 
in the following table : 





30° 


46° 


60° 


90° 


120° 


186° 


150° 


180° 



-1 


Bine 





1 

2 


■^^(2) 


J(3) 
2 


1 


2 


1 

^/(2) 


1 
2 


coBine 


1 


2 


1 


1 
2 





1 
2 


1 


2 


tangent 





1 


I 


^(3) 


00 


-m 


-1 


1 

^/(3) 





cotangent 


00 


m 


1 


1 





1 


-1 


-^(3) 


00 

-1 

oo 


secant 


1 


2 


^(2) 


2 


00 


-2 


-^(2) 


2 

^/(3) 


cosecant 


00 


2 


m 


2 

^/(3) 


1 


2 

m 


m 


2 



It will be of great use to the student if he will verify 
some of those results in this table, which are new to him, 
with the help of this present chapter. The table is not 
intended to be remembered as a whole, it will be found 
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sufficient to recollect the sine and cosine for 0°, 30°, 45°, 
60°, 90°, the tangent will thus be known, and the other 
ratios easily deduced. 

53. The following facts are worthy of notice : 

The sine is positive in quadrants 1,2; negative in 3, 4, 

cosine 1, 4; 2, 3, 

tangent •. 1, 3; 2, 4. 

Also, that neither sine nor cosine are ever numericaUy 
greater than unity. 
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CHAPTER VIII. 

ANGLES WITH GIVEN TBIGONOMETBICAL BATI08. 

64. From what has heen shewn we know that all the 
values recur after one or more complete revolutions (Art. 35). 
Now if we have an equation 

8in^ = -, 

we know that A may be 30® or 15QP (Art.38), and by what 
has just been said it may be 

360° + 30** « 390° or 360? + 160° = 610°, 

or 720° + 30° or 720* + 160°, 

or, by Art. 36, any angle given by the expression 



2«7r + g » or 2n9r + T^r - ^ j , 



where n is any integer, positive or negative, or zero. 

We shall now shew how we may find one formula to 
contain all the angles given by such an equation. 

66. To Jmd a general expression for aU angles having 
a given sine. 

Let BA C be the least positive angle having the given 
sine* 

Let BA C expressed in circular measure be called a. 

At A in AC make CAB' = BAC, then CAB = ir-a. 

First, taking positive angles. Of such angles the only 
ones which satisfy the given sine are a, tt - a, and angles 
formed by adding even multiples of w to these angles. 
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t. e, by adding complete revolutions. Such angles will be 
given by 

2w + a, 27r + T - a, 

and 2n7r-\^a, (2n + !)«•- a (i), 

where n is zero or a positive integer. 

Again, taking negative angles. Of such angles the only 
ones having the given sine are 

- (w + o), - (29r - o), 

and angles formed by adding even multiples of w to these 
in a negative direction, t. e, angles given by 

- 2»3r - (tt + o), - 2n7r - (25r - o), 

or - (2n + 1) w - a, - 2 (« + 1) TT + a (ii). 

From (i) and (ii) it will be seen that when we have an 
even multiple of tt we have + a following ; where an odd 
multiple of ir we have - o. 

This therefore must be provided for in any general 
formula comprehending both. The formula 

WTT + (- I)* a 

will be found to do this, and on trial we shall find that it 
contains all the angles found above and no others, n being 
any integer f positive or negative, or zero, 

56. In any case, therefore, where we have given the 
sine of any angle, we must find the least positive angle 
Vfith the given sine, express this in circular measure (a), 
and all the angles will be given by the formula 

rnr + (- l)" a. 

This will also hold/or the cosecant. 
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57. To find an expression for all angles with the same 
cosine. 

Using the same figure, let JBAC be the least positive 
angle with the given cosine, let its circular measure be 
denoted by a. 

The only positive angles with the given cosine are a, 
27r - a, and any angles formed by adding even multiples 
of TT to these, t. e, angles given by 

2«7r + a, 2w9r + 29r - a, 

or 2»9r + a, 2(n + l)7r-o (i), 

where n is zero or a positive integer. 

The only negative angles with the given cosine are 
- a, - (29r - o), and angles formed by adding even mul- 
tiples of TT to such angles, t. e, angles given by 

- 2w9r - a, - 2n9r - (29r - a), 
that is, -2n9r-a, - 2 (n + 1) tt + o (ii). 

From (i) and (ii) it will be seen that we have only even 

multiples of tt, with both + a and - a following. 

The formula 

2n7r ± a, 

where n Is any integer, positive or negative, or zero, will be 
found to include all the angles found above, and no others. 
This will also hold for the secant, 

58. To find an expression for all angles having a given 
tangent. 

Using the same figure as before, the only positive angles 

will be given by a, tt + a, and even multiples of ir added to 

these, t. e, by 

2n9r + a, (2n + 1) 9r + o (i). 

The only negative angles will, in like manner, be given by 

- 2»7r - (tt - o), - 2nir - (29r - o), 

i. tf. by - (2n + 1) TT + a, - 2 (n + 1) TT + a (ii). 
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Hence one formula must give odd and even multiples of 
V followed by + a. The formula 

will on trial be found to give the angles found above, and 
no others. 

This holds for the cotangent aho, 

59. To construct an angle with a given sine. 

Let the given sine = a. 

Take AB to represent unity, and on AB describe a 
semi-circle A CB. With centre A and radius = a, describe 
a circle cutting the semi-circle in C, 




(It must always cut it, since, by Art. 53, the sine can 
never be greater than unity, %,e, a can never be greater 
than AB). Join^C, CB. 

Then ACB is evidently a right angle, Euc. in. 31, 

__— = a = sinC^J?, 
AB 

and CAB is the required angle. 

60. To construct an angle having a given cosine. 
The same construction as above being used, the angle 
ABC will be the angle required. 
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61. To construct an angle having a given tangent. 
Let the given tangent = a. 




Take AB to represent unity. 

Draw jBCaI right angles to AB and 

Join AC. 



Then 



UljxOAB =-7-=, = tj, 
AB 



and CAB is the angle required. 

If the cotangent were given = a, A CB would be the 
angle. 

62. To divide a given angle into two parts whose sines 

shall be in a given ratio, 

tn 
Let BA C be the angle, — the given ratio. 

ft 




Draw a straight line KF parallel to ^^ at a distance 
m from it, and a straight line LP parallel to .^C at a 
distance n from it, P being the point of intersection of 
these lines. 

Draw PM, PN at right angles to AB, A C. 

G 
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PM 
Til tATiPAM AP PM m 



AP 
and PAM, PAN are the required parts. 

63. To divide a given angle into two parte whoee cosinee 
ehaU he in a given ratio. 

Let JBAChe the given angle, — the given ratio. 

n 

In AB make AM= m, and in AC, AN^ n. 




Draw perpendiculars to AB, AC through M, N, meet- 
ing in P. Join AP. 

AM 

cos P AM AP AM tn 



cobPAN AN' an n* 
AP 

64. To divide a given angle into two parts whoee tan- 
gents shall he in a given ratio. 

Let BAChe the given angle, — the given ratio. 

ft 

Take any straight line DE, divide it in P so that 

DFxFE^min. 

Upon DE descnbe a segment of a circle containing an 
angle « BA C. 

Draw FQ at right angles to DE, meeting the circum- 
ference in O. Join OD, OE, 
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At the point A make the angle BAH- angle DQF\ 
therefore the remaining angle HA O » angle FOE^ since 
BA C = DFE by construction (Euc. ill. 33). 

FD 
\xxiBAH t&nJDOF FO FD m 
tanHAC " i&nFOB "'FS' FF' n' 

FG 
Hence BAH^ HA C are the parts required. 

65. If the cotangents were required to be in the ratio 



m 



— , we should have 
n 

FO 

cot FOE FE FD 



m cot HA C 
n " cot BAH' 



cotFQD FG FE 
FD 
and HA C, BAH are the required parts. 

66. Before proceeding to the expansions of sines, cosines, 
&c. of compound angles, it may be well to call the notice of 
the student to the fact, that in Trigonometry all algebraical 
deyices and rules are allowable, provided that nothing be 
done contrary to what is stated in Arts. 21, 22. Hence, if 
we have an expression such as tan {a? + y - (» + x)]f it may 
be written as tan(a? + y - « - a:), t. e, tan{y - «) j so tana? 
may be written tan{(^ - «) + «}, and so on. 

Thus cos(3a + 4a) a cos 7a, cosf-^j = cos2(s. 
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CHAPTER IX. 

TRIGONOMETRICAL FUNCTIONS OF TWO ANGLES. 

67. To express the sine of the srnn of two angles in tern^s 
of sines and cosines of the angles themselves. 

Let LAOS ^ A, LBOC^B. 

C/ 




O Jt£ Q A. 

Then /.AOC^A + B. 

In OC take any point P, draw PM, PiV perpendiculars 
upon OA, OB respectively. 

From N draw NQ, NR at right angles to OA, PM, 
Then in the triangle PRN, since 

£PPiV- 90% 

lItPN= 90° -LPNR = IRNO = A. 

Hence RN= NP sin PPiV= NP sin A, 

and PR = NP cos^. 

Now sin(^ + ^)=^ = — ^ 



But 



OP 

PP = NP cos A = OP sinP cos^, 
NQ = OiV sin^ = OP cosP sin^ ; 
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therefore sin (A -\^ B)- 



OP Bin A cos J? 4 OP cos A sinB 



. OP 

= Bin A cos J? + cos^ sin P. 

68. To express in a similar manner the cosine of the sum 
of two angles. 

Using the above figure 

OM OQ -MQ OQ- UN 



cos (-4 ■{■ JB)- 



OP OP OP 

ON COB A- NPsinA 
OP 

_ OP coaB COB A - OP BinB Bin A 

OP 

= cos A cos ^ - sin ^ sin B. 



69. To express the sine and cosine of the difference of 
two angles in a similar manner. 

Let A and B be the given angles, and suppose A the 
greater. 




LetZ^05 = ^, LBOC^By ikicn LAOC-^ A - B, 
In OCtake any point P, draw PM, PN at right angles 

to OAt OB, from N draw NQ at right angles to OA^ and 

NR to MP produced. 

In the triangle NPR, L PRN = 90°. 

The angle NPR = 90° - Z PNR = Z RNB = A. 
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Hence PIi = PN cob A, NB^PN Bin A, 

^ ^ OP OP OP 

^ ON Bin A -PN COB A 
OP 

OP COS J? sin^ - OP BJnB coa A 
' OP " 

t9 sin^ COB J? - cos^ sin .8. 

70. cos(^-J)-Qp- OP 

ON COB A J^ PN Bin A 
OP 

OP cos J? cos^ ^OP BvaB BmA 
" OP 

= cos^ COSJ& 4- sin^ sin J?. 

71. In constructing the above figures, it will be of some 
help to the student, if he will remember that the point P 
is taken in the last line which Is drawn, when the angles 
are drawn in order. Thus to form A we first draw OA, 
then O^, and, lastly, to form B, 00% Hence P must be 
taken in 0C7. 

The student is advised to draw the figures for himself, 
and work out the cases in which the angle A is greater 
than 90° and less than 180^ 

We give the four formulea just proved, together, so that 
they may be committed to memory. 

sin(^ + ^) = sin^ cosj& + cos^ sin^ (1), 

sin (-4 - B)- BxnA cosB - cob A BinB (2), 

co8(-4 \ B) = COB A cobB - Bin A sinJJ (3), 

cos (-4 - B) = cob A cobB i sin A BinB (4). 
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72. To express the sum or difference of the sines or 
cosines of two angles^ in terms of the sines or cosines of the 
semi-sum or semi-difference of the angles. 

In the aboTe formula let 

A + B^ C, A' B^JD. 

Then A.^^.B.2^, 

and we have 

nmC = sin — - — cos* — ^ — + cos — ^r — sm — - — , 

it i 2 2 

smB = sm — jr — cos — cos — jr — sin — - — , 

Jl Z ^2 

^ C+D C-D . C^^B . C-B 

cost; = cos — - — cos — sm — ^r — sm — - — , 

^2 2 2 

(7+2) C-B . C^B , C-B 
cosi> = COS — - — cos — J5 — + sm — ■= — sm — ;r — . 

2 2 ^ . 2 

Adding and subtracting these, pair and pair, 

smC/ + 8m2) = 2 sm — - — cos — - — (6), 

' n no C*B . C-B ,^, 

smC - smi>B 2 cos — - — sm — - — (6), 

Z 2 

cosC + cos-D = 2 cos — ■= — - cos — ■= — (7), 

^ ^ ^ , C^B . C-B .^. 
cosD-cosC =2 sm — - — sm — - — (8). 

These should be remembered; some such way as the follow- 
ing is easy : 

sum of two sines s twice sin (semi-sum) . cos (semi-diff.)> 
diff. of two cosines » twice sin (semi-sum) .sin (semi-diff.). 
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73. It viUL be noticed that we write cosi) - cosC, 
although we wrote sin C- sin 2). The reason is this: C 
is greater than D, and as the angle increases from 0^ to 
90^, the sine increases (see Arts. 44, 46), but the cosine 
diminishes; consequently, cosD is greater than cos C, and 
we write cosi) - cosC, so that the left-hand side of (8) 
may be positive ; that is, we put the cosine of the smaller 
angle first 

74. These formulae may be used inversely. 
Thus if we have such an expression as 

sind cos 20, 

and we wish to express it as the difference of two sines. 
By (0) we have 





^."i". >■.'','>. 




CiD = ie, e-2) = 26>, 


whence 


C=36>, I)=^0, 


and by (5) 





sin . cos 20 = I (sin 30 - sin 0), 
so sin 20. cos = J (sin 30 + sin 0), 

cos 20 . cos = J (cos 30 + cos 0), 
8in0 . sin 20 = i (cos0 - cos 30). 

76. To find the tangent of the sum or difference of two 
angles in terms of the tangents of the, separate angles, t. e, 
to find tan (-4 ± B) in terms of tan -4 and tan .8. 

cos(^ + B) 

^ Bin A cobB + COB A sin 5 
cos^ cos^ - sin ^ sin .8 ' 
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Divide numerator and denominator by cob A couB, 

^ tSLiiA -i- tanjg 

"^ 1 - tan^ tan^ ^ ^' 

80 tan(^-J).>°^"^^"-^ . 

"^ ^ 1 + tan^tanJB 

Since cot0 = j— ^, cot(^ ± J9j is known. 

76. If J?* 45°. Then, since by Art. 28, tan45° = 1, 

J. /J Amn\ tan^ + 1 

tan(^ - 46°) = ^^^ . 
'' 1 + tan^ 

77. To express the sine, cosine, tangent, ffc, of any angle 
in terms of the sine, cosine, §-c. of half the angle. 

If in (1) we put A = B, 

Bm2A = 2 8in-4 cos^ (10), 

and if ^ = ^ in (3), 

C0S2-4 = cos*^ - sin*^ (11) 

= (1 - sin«^) - sin«-4 

= 1-2 sin*^ (12), 

or = cosM - (1 - cos*^) 

= 2 cos*^ - 1 (13). 

From (12) and (13), 

1 - cos2^ = 2 Bin*A, 

1 + cos2^ = 2 co8*-4, 

whence tan«^ = l^^os9A ^ 

1 + cos 2^ 

H 
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If in (9) we put A^B, 

1 - tan'^ 



. „. 2tan^ ,^.. 

XatlIA^- — r-T-3 (14), 



.^. 1-tan^^ 
cot2-4 = -5- — ^ . 
2 tan^ 



Thus we have expressed the sine, cosine, tangent, &c. of 
angle in terms of the ratios of half the angle. 
Thus cdUd may be written 

cos'- - Sin"-, 2 cos"- - 1, or 1 - 2 sin"-, 
2 2* 2 ' 2 



an 



e 

for our a2A\ therefore 7;^ A, 

Similarly sin 40 » 2 sin 16 cos 20, 

tan60«-?i?!^, 
1- tan" 30' 

and so generally. 

78. To express the sine, cosine, ^c, of an angle in terms 
of the sine, cosine, f^c, of the third part of the angle* 
If in (1) we put B = 2 A, we have 

sin 3^ s sin^ cos 2^ + cos^ sin 2^ 

= 8in^ (1-2 8in«-4) + cos^ (2 sin^ cos-4)by(12)(l0) 

o sin^ - 2 sin'ui + 2 sin^ (1 - sin"ui) 

= 3 sin^ - 4 sin"-4 , (15). 

From (3) 

cos 3^ = cos 2^ cosul - sin2Ji sin^ 

= (2 cos"^ - 1) cos^ - 2 sin^ cos^ (ain^) by (13) (10) 

Bs 2 cos"^ - cos-4 - 2 cos-4 (1 - cos"^) 

= 4 co8'-4 - 3 cos^ (16). 
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79. From the preceding, 

am A B 2 Bin TT- cos -^ , 

A A 

and 1 = cos* -— + sin*— (Art 24), 

A 2 

- . . / A . A\* 
1 + sm-d = f cos ~ + sin — J , 

- . . / A . A\* 
1 - 8in-4 = f cos -— - sin— ) . 

Taking the roots of both sides and adding, 

2 cos:^ « V(l + Bin^) + V(l - Bin^), 

2 sin^^ = V(l + Bm^) - V(l - flin^). 



A A 

80. Thus if A be given we can find sin -^r- , cos -^ , pro- 

2 2 

vided that toe know between what limits A lies. 
For a square root always supposes ± before it. 
We have then a choice of four signs in the right hand 

of each of the above equations. 

If we know between what limits A lies, we know within 

A , 

what limits —■ lies ; consequently, we know what sign the 

left hand should be, and can then effect this in the right 
hand by choosing the proper signs. 

Suppose we are given that A lies between 450° and 

630^ ^ lies between 225'' and 315^ %,e, either in the 

second or third quadrant. 
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Hence sin-- is negative all the while, and sin-- is 

numerically greater than cos— (see Table to Chap. vii.). 

A A 

Therefore sin *^ - cos — is negative all the while, 

and sin -^ -I- cos •;r- is also negative all the while, 

(since each of these expressions will take their sign from 

that of sin — ). Hence 

A A 

sin — - cos "o = "• V(l " sin^), 

A A 

sin— + cos— = - V(l + 8in-4), 

and 2 sin— a - V(l + sin -4) - V(l - Bin-4). 

81. To find the uine, eosinet S^c, of 18^ 

Let 18° = 0. 

Then 20 = 36°, 30 = 54°. 

Now 20 + 30 = 36° + 54° « 90°, 

or 20 = 90° - 30, 

sin 20 s cos 30, 

2 sin0 COS0 = 4 cos'0 - 3 cos0. 
Dividing by cos0, 

2 sin0 » 4 cos*0 - 3 

• 4r(l-sin«0)-3 
e 1 - 4 sin*0, 

4sin*0 + 2sin0=l, 
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. -a 1 . ^ 1 1 1 5 

or sin^ = T • 

4 

Now is in the first quadrant, and therefore sin d is 
positive. Hence we must take the positive sign, and 

cosl8o=.V(l-sinM8O) = ^"10^WW)]^ 

tanl8°:. ^(^>-^ . 
VaiO + 2 V(6)}] 

Now 8inl8° = cos72°, 

and hence the trigonometrical ratios for 72^ are known, also 

8in64°=:8in(3xl8°), 
and may be found, as also 

sin36°, sin9^ and sin8l°. 

We give some of the results : 

sinO" - C0881° = V[{3 ^ V(5))] - V[(g - ^^ , 

4 

cos9» - «n81» o V[{3 ^ V(5)}] ^ V[(C - VC^W , 

4 

4 

cos36°=:sin54° = ii^. 

4 

82. A table is here given of the results that up to this 
point should be committed to memory. 
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•rx ^ ^ •v -r^ -D /> arc 

10 9 radius 

9r, circular measure of 180°, 
sin*^ + cos* A = 1, 8ec'-4 = 1 + tan'^, 

in'A^- — r— i-7» cosrA=z — - — =-t , 
1 + tanVl 1 + tan*^ 



sin 



sinO° = 0, 8in30<^=i, sin45°=-L., Bin60°=:^\ sin90°=l, 
co30° = l, cos30°=^, cos45°=-?-, cos60°=i, cos90° = 0, 

tanO°=0, tan30°=--i-, tan46° = l, tan60°=V(3), tan90° = oo. 

I sine = n9r + (- 1)** a, 
cosine = 2n9r ± a, 
tangent 9 ^ nw + a j 
sin(^ ± B)- sin A cos J? ± cos^ sinJ7, 
cos(^ ±.^) = cos^ cosJ? + sin^ sin J?; 

8m-4 + Bin^ » 2 sm — - — cos — - — , 
smA - sm ^ s 2 cos — - — sm — - — , 

COS A + cos J? = 2 cos 4±^ cos^"*^, 

2 2 

cos-B - cos^ = 2 sin :^-L? sin "^ " "^ ; 

2 2 ' 

sin 2^ = 2sin^ cos-4, 

cos2-4 = cos«^ - 8in*-4 = 1-2 sin»-4 = 2 co8»u4 - 1, 

. ^ . 2 tan ^ 
tan2^ = - — T—T-j, 
1 - tan'u4 

sin 3^ a 3 sin^ - 4 sinM, cos 3^ = 4 cos'-4 - 3 cos-4. 
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GHAPTER X. 



LOQABITHMS. 



83. Def, The logariihm of a number to a given base is 
the index of the power to which the base must be raised in 
order to equal the given number. 

Thus if a* = m, a; is the index to which a has to be 
raised in order to equal m. Hence x is the logarithm of 
m to the base a. 

This is written x = logam. The figure written below the 
line is the base, and we read the equation thus : log of m 
to base a is equal to x» 

84. Suppose now the base is 10, «.«. a - 10, we know 
that 10* is 10, or, by our notation, logiolO»l; hence 
log^old will be 1 + a decimal. 

We have then this definition : 

The integral part of a logarithm is called its charac- 
teristic, the decimal part its mantissa, 

Ex. log 20 = 1.30103. Here 1 is the characteristic, 
.30103 the mantissa. 

85. To find the logarithm of unity. 

Since o" = 1, log^l = 0, and a being arbitrary, the loga- 
rithm of unity to any base is zero, 

86. To find the logarithm of a number with itself for 
its base*^ 

a^ = a. Hence logafl = 1 whatever a may be. 
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87. To shew that the logarithm of a product is equal to 
the sum of the logarithms of the factors, i.e, to shew 

log«(in«) = log«m + log«n. 
Let log„w = «, log.n = y, 

m^a", n e a^ 
Hence mn « a**", 

wherefore loga(w«) = « + y = logain + logaN. 

88. 7b shew that the logarithm of a quotient is equal to 
the difference of the logarithms qf the dividend and divisor, 
I. e, to shew 



log« \^j = log,m - log«n. 



Let log^m^x, log^n^y, 

m^ff, n^a^, 

m a" 
n a* 






whence logaf— ) = a: - y = log„m - log^n. 

89. 2b^i the logarithm of infinity to any base. 

If a he an integer, a* » oo , and therefore log^oo e oo . 

If a be a proper fraction, -«=<». i o' <»"* = «> > and 

log«0O a - 00 . 

90. To find the logarithm ofsero to any base. 
log,0 = loge,— = log„l - log„oo = - 00 (by Art 89), 



00 

or, if a be a proper fraction, 

00 



log„0 = logo — = logal - logejoo = 00 (by Art. 89). 
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91. To shew that the logarithm of a number to any 
power IB equal to the logarithm of the number, multiplied 
by the index of the power, i, e. 

loga(m') = r log«m. 

, Let log^m = a?, a* = m, a^ = m*-, 

whence loga (''**') = ar = r logaW. 

92. To find a relation between the hgarUhmu of the same 
number to different bases. 



Let 


\ogam = x, log6m = y, 




a* ^m, If' ^m. 


whence 


(f = b\ 






And we see 


6--= a, log.« = f=;°f':. 

a? logam 

that 

log^m = log^6 logjm, 



log^m = log&a logam, 
and log„^ X log^a = 1. 

93. There are two systems of logarithms in use. The 
first is called the Napierian system from its inventor. In 
this the base is 2.71828... which is called e. The other is 
the common system in which the base is 10. In treating 
of logarithms of the common system it is usual to omit 
the figure 10 below the line. Thus logarithm of eighteen 
in the common system is written log 18. 

This system has two great advantages which we will 
now explain. 

I 
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94. In the common system the characteristic may he 
determined by inspection. 

Since 10«=1, 10* = 10, 10»«100, l(y = 1000..., 

we have O = logl, l«loglO, 2 = logl00... . 

Now any number between 1 and 10 lies between 10^ and 
10^ Hence its logarithm (see De£) must lie between 
and 1, t. e, it will be a decimal. 

So, again, any number between 100 and 1000, t.e. 
between 10* and 10* will have its logarithm between 2 and 
3, i, e, 2 is the characteristic. 

Let now iVbe a number, lying between 10* and 10"**. 

Then logiV lies between n and n + 1, t.e. it is n -f a 
decimal. Hence n is the characteristic, t. e. the index of 
the highest power of n, which is less than the given 
number, is the characteristic. 

Again, if N lie between —- . -—^^ , i. e, between 10"*, 

10"^^ log iV lies between - n and - (« + 1). 

Thus it would be - (n + decimal), i. e. -n~ decimal. 

Now it is usual always to have the mantissa a positive 

quantity, hence we must take the higher number - (» + 1) 

for our characteristic, and then the mantissa must be positive. 

For - » - decimal =-»-l-f (1 -decimal)^- {th-^1)^ a decimal, 

95. We see then that the characteristic may be deter- 
mined by inspection by the following rules : 

If the given number be greater than unity, the character- 
istic is the index of the power of 10 next below the number. 

If the given number be less than unity, the characteristic 
is the index of the power of 10 next above the number, 
and is negative. 

Thus the characteristic of 756 is 2, since it lies between 
10» and 10». 
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That of .756 is * 1, for it lies between 77^ . tttv, t.tf. 

10* l(r 

between ICT* . W. 

The' above rules may be expressed more simply thus : 
The characteristic of a number with integral ^purse is 
one has than the number of integral figures ; if there are 
no integral ^ures, the characteristic is one more than the 
number of cyphers to the right of the decimal point, and 
is negative. 

96. The second advantage of the common system is this : 
If ice know the logarithm of any number, we can at once 
write down the logarithm of the number when multiplied or 
divided by any power of 10; in other words, the mantissa 
will remain the same, the alteration taking place only in 
the characteristic. 

Let JVbe a number whose logarithm is known, 

log,.(iVx 10") = logi,iV+ logx,(10-) (Art. 87) 

» log,,iV+ n log,^10 (Art, 91) 

elogi\r-fii(Art.86). 

So log,, (K r 10^) - log-y - n. 

So that if the original number be multiplied by any mul- 
tiple of 10, we have to add the index of that multiple to 
the known logarithm; if divided, we have to subtract 
that index, always taking care that the mantissa shall be 
positive. 

In other words, if we write dawn any number whose loga' 
rithm is known, then we may add or prefix any number of 
cyphers, or mark off any number of decimal places, and the 
mantissa of the logarithm of the new number will remain the 
same as that of the original number, but the characteristic unU 
be increased or diminished by n, as the ease may be. 
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Thus log40d = 2.607455, 

log40500 » log (405 x 10*) » 2 + 2.607455 by the above 

= 4.607455, 

log4.05 = log^ = 2.607455 - 2 = .607455, 

4 05 
log .0405 = log^= - 2 + .607455, 

or, as it is written, = 2.607455, 

97. For the construction and use of logarithmic tables, 
the reader is referred to Todhunter's Plane Trigonometry , 
Chap. XXI., being too long and difficult an explanation to 
be introduced here. 

98. When we have an equation we may take logarithms 

of both sides to any base. Thus if = — - — , and we 

' a b 

wish to take logarithms to the base 10, we shall have 

, sln^ . , sin^ 
logio-j- = logic -J- » 

or, by preyious rules, (Arts. 88, 93) 

log sin^ - loga = log sin^ - log&. 

99. The tabulated logarithms of sines, cosines, &c. are 

always increased by 10, and such logarithm is denoted 

by X, %.e. 

log sin^ + 10 s X sin^. 

These are called tabulated logarithms, and are always used. 

The equation of Art. 98 will thus become 

X sin-4 - 10 - loga = X sin^ - 10 - logft, 
or X sin^ - loga = X sin ^ -logft. 

In any case of course when we have taken the loga- 
rithms of both sides, the rules still apply. 

Thus a* = y, log (a*) = logy, or a; loga = logy. 
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CHAPTER XI. 

BELATIONS BETWEEN THE SIDES AND ANGLES OF 

TRIANGLES. 

100. Let ABC be a triangle, A, B, C the angles, the 
sides are usually denoted by the small letters corresponding 
to the angle opposite to them. 



A, 
1 y 



/J 





3 a^ C 3 aJ> C JB a ci B 

Thus BC=^a, AC^h, AB^c. 

101. To shew that in any triangle 

^mA %mB sinC 



ue, each side is proportional to the side of the opposite 
angle. 

Draw AD at right angles to BC^ or reproduced. 

Then, in fig. ii, where C is an acute angle, 

AD^^AB^mB, AD^ACsinC, 

ABsinB==ACsmC, 

c 8inJ7 = b sinC, 

sinJ? sinC 
or -^ — = . 
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In fig. lii, C is an obtiue angle, 

AB = ACBmACD = AC 8m{lS(]P - C) 

B^CsinC, 
AD m AB smB, 

whence h BiaC= ctinB, 

. sinB sInC 

and , ■« ■ • 

6 c 

In fig. i, where C is a right anglei € and D coincide, 
and we have 

Bin^ = - = ^^, for 8m90° = 1 (Art 46), 
c BinC 

the same result as before. 

Similarly, by dropping perpendiculars from B on the 
opposite side, we may shew that in every case 

sinC_ sin^ 
e a 

Hence we have always 

sin^ _ siii^ sinC 
a b c ' 

We shall find hereafter (Art. 12t) that each of these 

ratios is equal to ^r= , where 22 is the radius of the circle 

circumscribing the triangle. 

102. In a right-angled triangle we can express any of 
the sides in terms of a side and some ratio of one of the 
acute angles, by Art. 23. 
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103. To find an expression for (he cosine iff an angU in 
terms of the sides. 

Let ABC he a triangle; to find cos^. 





Draw AD at right angles to BC, or BC produced if 
necessary. 

From ^g, ii and Euc. II. 13, 

AC' = AB'^BC'''2CB.BD 

= AB" + BC* - 2CB.AB cosB. 
From fig. iii and Euc. II. 12, 

AC*r:AB*^BC*+2CB.BD 

=s AB* ^BC*Jt2€B.AB co8(180° - C) 
= AB* ^ BC* " 2CB ,AB coaC. 
In fig. i, D and C coincide, and we h&Ye 
AC^AB*- BC* 

= AB* + BC - 2BC* 
«AB*-i^BC*'2BC.ABcosB. 
Hence in any case 

5* a fl? 4 <^ - 2«c cosier 



and 



80 



cos J? 

cos^ =» 
cosC = 



2ao 

2bc ' 
2ab 
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The symmetrical character of these formuls will assist the 
memory. 

JB JB 

104. To express sin— , cos -^ , Sfc. in terms of the sides. 

By the last article 

COS^ = ;r . 

2ac 
By Art 77, 1 + cosJ5 = 2 cos'— . 

a* +V -'6" 
Now 1 + C08J5 = 1 + 



" * ^ 2ac 




2ac + o« + c» - 6« 




2ac 




^(a + c)«-6« 




2ac 




_ (a + c + 6) (o + c • 


-b) 


2ac 





Let 2s s sum of sides = a + ^ + c, 

2(«-6)«=a + 5 + c-26 = a + c-6. 

Whence 1 + cosi? = ^^^^i:!*) = ?^iii:i^ . 

2ac ac 

or 2 008'^ ■=2.'^'"*), 

2 ac 

The positive sign is used because since A -^ JB ^C= 180^ 
always; therefore A, £, C are each less than 180°, and 

A JB C 

"o » TT* nT ^^^ *^^^ ^^» ^**d *^®^ sines, cosines, &c. 

positive. 
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Again, 2 sin'— = 1 - cos-B (by Art. 77) 



= 1- 


2ao 




2ac 


' - a» - c" + y 






2ac 




_6«- 


(a^eY 






2ac 




_{&. 


(a - e)} {b + (a- 
2ao 


sl) 


_ (6 + c - a) (o + 5 - c) 






2ao 





2(8-a)2{8-c) , ^ 

2^ (see former part), 

.£ (8-a) (8'c) 



or sin" ^ 

2 ao 



sm-r 



Hence tan | - — £ = . // (« -")(*- *) ) 



cos— 
2 



80 sm 



A_ // (» - ft) (a - c) -| 



^ 



COS 
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C Its (» - c)\ 
where a certain symmetry may be observed. 



A A 
105. Since sin-4 = 2 sin-- cos— (Art. 77), 

2 

sin ^ = 7- V{« (« - a) (« - ft) (« - c)}, 

\('bich will be useful hereafter. 
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CHAPTER XII. 

SOLUTION OF RIGHT-ANGLED TRIANGLES. 

106. There are six elements in every triangle, the three 
angles and the three sides. Of these^ if we know three we 
can determine the rest, unless they be the three angles, 
when we can only determine the ratio of the sides, since 
there may be drawn any number of triangles equiangular 
to a given triangle, whose sides are of different length to 
the original triangle. 

It will be well to refer to Arts. 98, 99 at the end of the 
chapter on logarithms, for their use in what follows here. 

The system here used will be that to the base IQ, and 
our object is, to find the remaining elements by the aid of 
those given us. We shall first take right-angled triangles, 
Cis supposed to be the right angle. 

107. To solve a right-angled triangle f having given the 
hypothenuse and an acute angle. 

Given C=» 90°, c, B. To find A, a, 6. 

A 




Also 







/ 1 

B C 




A 


= 90«- 


-B, 




a 


= C CO! 


\B (Art. 23) and a is known. 


a 


^ c sia 


A (Art. 18), 




log a 


a logo + Z sin -4 - 10 (Arts. 


98, 99) ; 
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6 s c iinB, 

logb t= logo + X sin^ - 10, 

X sin ^ is found from the tables, since £ is given. 
Hence A^ a, b are determined. 

108. To solve a right^ngled triangle, having given the 
hffpothenuse and a side. 

Given C= 90°, c, a. To find A, B, h. 

Bin A = - , X sin ^ - 10 s loga - loge, 
c 

and X sin^ s loga - logc + 10. 

This gives A, and B = 90° - A, and is therefore known. 

Also b = o cobA, 

logb s logc + X cos^ - 10. 

Thus Af B, and b are known. 

109. To solve a right^ngled triangle, having given a side 
and an acute angle. 

Given C^ 90°, a, A. To find B, c, b. 
B = 90° - A and is known. 

- e= sin^, loga - logc = X sin-4 - 10, 

c 

logc s loga - X sin^ + 10, 

~a tan^, 
b 

logb B loga - X tan^ -i- 10. 

Thus ^, c, 5 are determined. 
If a and B are given, 

-4 = 90° - i?, 

A is known, and then c, b are found by a similar method 
to the above. 
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110. To $olv0 a right-angled triangle, having given the 
two sides. 

Given C= 90°, a, ft. To find A, B, c. 

•=- s \xaAf 



L tdnA s loga " logft + 10, ^ is known, 
B a 90° - A and is known ; 

c 
logc a loga - X sin i4 + 10. 
Thus e is known. 
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CHAPTER Xra. 

TO SOLVE OBLIQUE-ANGLED TBIANGLES. 

111. To solve a triangle^ having given two angles and 
a side, 

Gi?en A^ C, h. To find B, a, c. 

B = 180° - -4 - Cand is known, 

c h 

-r— r;= . ^ , \oftc - L BmC= logft - L sin^ (Art, 99), 

logc = logJ + L sinC - L wnB, 
so also loga = logi -i- L sin^ - L sin^. 

Thus By a, e are determined* 

112. To solve a triangle y having given two sides and the 
included angle. 

Given b,CyA. To find B, C, a. 

BiiiB h 
sinC " c' 

sin-B-sinC 6-c 
sin-B + sinC" 6 + c' 

Todhunter's Algebra for Beginners (Art. 367), 

„ B^C . B-C 

2 COS — - — ' sm — - — ^ , , _ ^. - 
or 2 2 ^ tan Hi? - C') ^ & - c 

°' ^ . B^d B^C tanJ(-B+C) &T^ ^^- ^^^• 
2 sm — - — cos — - — ^ - ' 

2 2 

Now -- — = = 90° - — and is known. 

^2 2 
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Wherefore tan J (5 + O « tan ^90° - ~U cot- is known. 

Hence itanj(5- C^ = log(5-c) - log(6 + c) + icot^ . 
This gives i(B-C) and i (J? + C) is known j 
therefore £ and C are known. 

a sin A 

— = -; — Tj 9 

c Sine/ 
loga = logc + L sinA - i sinC, 
which gives a, 

113. To solve a triangle, having given two sides and 
an angle opposite to one. 

Given a,h, A. To find B, C, c, 

a 




The three figures above give every variety of triangles 
that can occur with the given conditions, iisf, 

CB = a, CA = h, CAB^A. 

CD is a perpendicular upon c (produced if necessary). 
BB* is a circle with centre C and radius CB cutting 
AD produced in B\ Join CB", 

In fig. i CB and CD coincide or CB = CD. 

In figs, ii and iii CD is always less than CB. 

Hence CD is never greater than CB, in other words, 

6 sin^ is never greater than a, or •* sin^ never greater 
than unity. 
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(a) If then our given parts be such as to make — sin^ 

a 

greater than unity, the triangle is impossible. 

Our first condition is therefore - sin^, mtMi not be 

a 

greater than unity» 

(fi) In fig. i a = & sin^ or - sin^ - 1. 

Hence when - sin^ is unity the triangle is right- 
angled at £. 

(7) In fig. ii CAB is evidently a triangle satisfying the 
given conditions. 

Now the triangle CAB" has CA = b, CB* = a, but the 
angle CAB « 180° - CAB « 180'' - A, and therefore does 
not satisfy the conditions. 

We observe in this case that b is less than a, B eai acute 

angle, and -pr^ , t. e. - sin^ less than unity. 
^ CB a 

Hence, when -sin^ is less than unity, and b less than 
a 

a, there is only one triangle with the given parts, and that 
one is acute angled at B, 

{S) In fig. iii CAB satisfies the given conditions. But 
we see that CAB does also, for CA = 6, CB' = a, and CAB 
is the same angle as CAB, 

Hence there are two triangles in this case satisfying the 
given conditions. 

We observe in this case that b is greater than a, - sin^ 
less than unity, and B either acute or obtuse. 

Hence, if - sin A be less than unity, and b greater than 
a 

a, there are two triangles. 



70 BOLVB OBUQUE-ANOLED TBIAKOLES. 73 

This 18 caUed the amhiffuou9 ea$e, for we are uncertain 
which triangle to take. 

From the above we gather that when two sides and the 
angle opposite to one are given, there may be (a) no tri- 
angle, Q3) (7) one triangle, or (d) two triangles. 

114. We have hitherto deduced our results from geo- 
metrical considerations ; we proceed to find the same by the 
aid of Trigonometry. 

We are given a, b, A, To find B, we have 

sinB BiaA . t» ^ . ^ 

— r— = , or smB o - sm^. 

a a 

(a!) If now 5 sin ^ be greater than a, t. e, greater 

than unity, sin ^ is greater than unity, which (Art. 63) is 

impossible. Hence if - sin ^ is greater than unity, no tri- 
angle exists. 

03") If ^ sin^ « 1, & sin^ » a and ^ is 90» (Art 23). 

(7^ If - sin ^ be less than unity and b less than a, we 

must have B less than A (Euc. 1. 18), and sin J9 less than 
sin^. 

But since A and B are less than 180°, and B less than 
A, B must be less than 90^, t. 0. acute. 

There is therefore ons triangle in this case. 

(d^ If - sin^ be less than unity, and b greater than a, 

we must have B greater than A, and sinJ9 greater than 
sin^. In this case there is no such restriction of B, for 
sin J9 » sin (180^ - B), and B may lie on either side of 90" 

L 
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without violating the condition that sin^ must be greater 
than sin^. Hence there may be two values of JB that will 
satisfy the conditions, one greater than 90°, the other less ; 
which we saw in the last article was called the ambt^tious 
case. 

The last two articles have been arranged so as to be 
easily compared. The results are evidently the same in 
both* 

115. To solve the triangle^ hating given aU the sides. 
Let 2« B a 4- & + c, 

Similarly B, C may be found. 



/ 
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CHAPTER XIV. 



PBOPEBTIES OF TRIANGLES. 



116. To Jind the area of a triangle. 

The area of a triangle is, by Euclid, half the rectangle 






C J> Ji ^ c B C 

on the same base, and between the same parallels ; that is, 
if iS' be the area of the triangle, 

8»\ BC. AD = \ BC.ACsiuC 
J 2 

s - a5 sinC ..(i); 

that is, half the product of two sides into the sine of the 
incltuled angle. 
Now, by Art 105, 

2 

8inC= ^ ^{s {s " a) (« - b) (s - c)}. 

Hence 8 = -/{« (« - a) (« - h) (s - c)} (ii). 



Also 



Hence, by (i). 



, sin^ 
sinj? 
^ 1 ,, sin^ sinC ,.... 

^y.-J* — :— = — (ill) J 

2 smJS ^ 



that is, we can find the area of a triangle if a side and two 
angles are known, for then the third angle is known* 
Besults (i) and (ii) are the most useful. 
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117. To find th% rad\u% of ^ drdt interibed m a 
triangle. 

ABC IB the giyen triangle. Construct as in Euc. IT. 4. 




2> c 

Let FSD be the circle. OD^OF^OE^ r. 
Then i9« area ^0^-f area J90C-f area CO^ 

» r (ii|li) = r« (Art 104). 
Hence r b - . 

118, By Euc. m. 36. Since BD^ BF are tangents to 
the circle from B, 

BF^BD, so CE^ CD, and AF^FE. 

Hence 2 (J92> + i)C+ ^^) -a\h^c^28, 

a + ^^ = B, 

AE^»-a^AF,, 

so ^i) B « - & a BF, 

CD^$-e = CE. 

119. To ^(? the radius of the escribed circle, i. e, of the 
circle which touches one side of a triangle, and the other 
two produced. 
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Let FDE be such a circle touching BC, t. 0. a in 2) and 
the other sides produced in E, F, O its centre. By the 
geometry OB, OC bisect the angles at^ and C. 

Let OF^OD=OE« r., 

being the radius of the circle escribed opposite to the 
angle A, 

The figure ABOC^ area ABO -v area AGO 

c + ft 



But ^fs^e ABOC^ area ABC\ area OBC 



whence 



C4ft ^ 1 



Ta 



S 



S 



c+T-a"" 8- a* 



so 



r» = 






re a 






iSf 



These and the radius of the inscribed circle r = - are 
remarkably symmetricaL 
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120. Since BD « BF (Euo. in. 36) being both tangents 
from Bf and CD « CE for a similar reason, 

AF-k- AE^AB^ AC^iBD + DCf) = 2$. 
But AF B AB (£uc. HI. 36). 

Hence AF'^ AE <» « and AB + BB = s. 

From this ve see that if two tangents be drawn to a circle, 

and a third tangent be drawn in any position so as to form 

a triangle with the other two tangents, the sum of the sides 

of all such triangles will be invariable, since it will always 

be twice either of the first two tangents. The line AE is 

therefore that quantity which we have denoted by «, 

^, . . a + 5 + c 
that IS — r • 



121. Tojind the radius qf the circle eireumseribed about 
a triangle. 

Let be the centre. Draw OD, OE, OF at right 
angles to the sides. These bisect the sides, Euc. ly. 6. 




Let E^OB=OC=OA. 

The angle BOC^ twice the angle BAC^ 2A (Euc. III. 20). 

Hence BOD » A, 

and BD'^ OBnnBOD, 



or 



' • 12 sin^. 
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R^ 



a 



2*^^ 2 ^V{« (•-«)(• -*)(•-«)} 



g (by Art. 116). 



.(ii). 



Hence we have 

BinA 1 Bin-g^ sinC 



(by Art 101). 



122. To find the radii of the inscribed and circumscribed 
circles of a regular polygon of n sides. 

Let AB be the side of a regular polygon of n sides, 
the centre of the circumscribed circle, OA its radius 
a E. Let AB = a, fig. i. 

• • 

01 





^ 2} B 

Now the angles at O, of which there are n equal to 
AOB, together = 360° =» Stt, Euc. I. 32. 

Therefore «x -4 0^=:27r, AOB^-^y AOD^-, 

n 7i 

^2) = ^0sin^0D, or^-JZsin^, 22«— 1— ...(i). 

^ ^ 2sin- 

n 

If O be the centre of the inscribed circle, OD = r its 
radius, fig. ii, as before AOD = - , 

OD^ AD cot-, r = -cot- = — - 
^ 2 « 2^^5 

n 



... (ii). 
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123. To find the areas of the polygene in terms qfJR^r. 
Area of polygon, in fig. i, 

^nxAOB^nX'-AB.OD 

a a ^TT na* ^w 

■= w - . - cot- B — — cot- 

2 2 n 4 n 

w w 
t= nJB? sin'- cot- , Art 22, (i), 
ft ft 

IT W 

=3 niP sin- cos- (i). 

ft fs ^ 

Also area, by fig. iif 

^nxAOB^nx\a.OD 



n X 


AD. on 


a 
""2 


a ^TT 


""1 


cot- 
n 



fir* tan«- cot- , by Art. 122 (ii), 
n n 

fir* tan- (ii). 



( 81 ) 



CHAPTER XV. 

ON THE CIRCLE. 

124. If he the circular measure of an angle leee than a 
right angle, is greater than sinO and less than t&nO. And 

the limit of —^ and —r- , when 9 is indefinitely decreased^ 

is unity. 

Let AOB be an angle less than a right angle, and its 
circular measure. 




Make on the other side of AO the angle A OB' = A OB, 

With centre O and any radius OA describe the circle 
BAB\ 

Draw BT& tangent at B, meeting OA produced in T. 

Join B'T, Then since OB, OT = OB, OT each to each 
and contain equal angles ; TB is also a tangent at B, and 
TB = TB. Draw BMB, cutting OT at right angles, as it 
evidently will. 

We assume, as an axiom, that the arc BAB' is greater 
than BMB% and less than BT + TB'. 

Hence BA being half BAB is greater than BM and 

BA BM 

less than BT j that is, — = is greater than -rr-^ and less 

OB yJjj 

TJ/TT 

than Yyn » or ^.is greater than sin^ and less than tan^. 
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ON THE CIBCLB. 



Therefore sind, 0, XxnO are in ascendlDg order of 

magnitude. 

1 

Hence 1, -r-^, :: are in ascending order of magni- 

. ' sin^' co8^ ^ ^ 

tude. Now when is indefinitely diminished cos^ = 1 

(Art 46). 

1 

Consequently, since — — ^ lies between 1 and — - , t. «. 

sm^ cos^ 

Q 

between 1 and 1, the limit to which -r-^ tends is unity. 



sin^ 



sin^ 



Hence —^ becomes unity when is very small and also 







h\n0 



or 



tan^ 



" QO%0 "" 

125. To find the area of a circle, radius r. 

The area of a regular polygon of n sides described about 

a circle, radius r is, by Art. 123, = nr* tan - . 

Now as n is indefinitely increased, the area of the poly- 
gon approaches nearer and nearer to that of the circle. 



Hence 



area of circle "= limit nr^ tan - 

ft 



= limit wr* 



tan- 
n 

n 



9r , 



And when n is very large, - is very small, and therefore, 



by Art. 124, 



Hence 



tan- 

limit of ■= 1, 
w 

n 

area of circle = wr*. 
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126. Tojmd the area of a sector. 

Let be the circular measure of the angle of the sector. 

Then 

area of sector _ 

area of circle ~ 27r * 


Hence area of sector = ^t- x (area of circle) 

Q 

■ T* • '"^9 ^y ^^® ^^^ article, 

ZTT 

r'e 

-_ ^ arc of sector , * i. i a\ c x ^i 

Now = (Art. 10), or arc of sector •■ rO. 

Hence the area of a sector » half the product of the length 
of the arc into the radius. 
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127. Subjoined is a table of those results obtained in the 
last chapters which it is useful to remember. 

legal s= 0, log,<j a 1, log„(m«) = log,m + log.n, 

log.— = log,m - log,n, loga(mO = r logaWi. 
L VOL A B log sin^ + 10. 

sin^^sinJ sinC 1 
a " 6 " ~c~"25' 

Area of triangle = - ac sin^ = V{» (« -«)(«- *) (« - <^)}- 

Badius of inscribed circle, r = — . 

« 

Badius of escribed circle, r. « . 

« - a 

Radius of circumscribed circle, 12 « r-r; • 

97* 

Area of polygon about a circle = ni* tan - . 

n 

Area of circle = wr*. 
Area of sector s — , 
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EXAMPLES. 

I. Arts. 2—6. 

1. Express the angle 15^ 4' IT in the centesimal method. 

By our formula, Art. 6, 

(7 = 2) + -^. 

We must first bring 15° 4' 17" to the decimal of a degree. 
By the usual arithmetical process, we have 

6,0) 17. 
6, 0) 4.283 
15.07138 

D= 15^07138, 
J = 1.67459. 

Hence adding, we get 

O = 16.74597 = 16^ 74^ 59^\7 nearly (Art 5). 

2. Express (1) 113° 0' 35", (2) 78° 50' 41".3, 

(3) 56° 16' 42", (4) 0° 36' 15", 
in grades, minutes, &c. 

3. Express 73' Sr 5'' in the English mode. 
Our formula giyes 
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Q = 73.8105 (Art. 5), 

^« 7.38105 
10 



66.42945 bjr subtractiDg 
60 

25.76700 
60 



46.020 
And D = 66° 25' 46". 

4. Express (1) 125^ 56^ 63^'.58, (2) 87i^ 60^ 53^\39, 

(3) 62'63M5^\ (4) 0^ 60' 4M6, 
in the English method. 

5. The sum of two angles is 80 grades, their difference 
is } of a right angle. Find the angles in degrees. 

6. If 18° is the unit, what will represent 81°? 

7. Find the number of grades in the unit of angular 
measure when an angle of 135° is represented by 15. 

If 135° is represented by 15, 9° is represented by 1, ♦.«. 
10 is the number of grades in the unit of angular measure- 
ment. 

8. How many degrees are there in the unit of angular 
measure when 11}° is represented by } P 

9. Divide a right angle into two parts such that the 
ratio of them may be that of 11 : 7. 

IL Arts, 7— 16. 

1. Find the circular measure of 9°. 

We hayci Art. 8, since w is the circular measure of I80°« 

- = rms ■■ 7Z7: 9 whence ^ » sr . 
TT 180° 20' 20 

2. Find the circular measure of 

(1)67°, (2) 67° 30', (3)18°, (4) 22° 30', (6)226°. 
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8. Find the number of degrees, &c. in an angle whose 
circular measure is 2}. 

AamArt.l3, -^=^, here d = |, 

which will give x = 143° W 21".3. 

4. Find the angles whose circular measure are 

13 12 5 
^' 2' 2' 3' 3' 6' 

5. Find the number of grades, &c. in the angles whose 
circular measure are those in (4). 

6. Find the number of degrees in an angle subtended 
at the centre by an arc 5 feet in length, the radius being 
10 yards. 

7. The angles of a triangle are in Arithmetical Progres- 
sion ; the circular measure of the difference between the first 

7^ 

and second is ^rr . Find them. 

60 

(The three angles of any triangle ^ 180°, Euc. I. 32). 

8. The angles of a triangle are in Geometrical Pro- 
gression ; the circular measure of the smallest is to that of 
90° as 1 : 3}. Find them. 

III. 

1. Find the complement of 

39° 16' 28", 74° 16' 3", 

and the supplement of 

16° 3' 27", 176° 19' 21", see Arts. 18, 19. 
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2. Write down in trigonometrical notation the product 
of the sine of A into the cosine of B into the square root 
of the product of the squares of the secant of A and the 
cosecant of B (Arts. 16, 21, 22). Write the result in its 
simplest form. 

3. Simplify the following and express it as the product 
of two factors : 

sin'^ + sin^ (cos^ + tan^) - cos^ (sin^ + tan^) 

- tan^ (sin^ + cos^) - cos'^ - tan'^, 

cot*/3 

4. If sin'a cos'yS = ^- , what is the value of sinfl P 

'^ 3 cosec'a '^ 

5. ABC is a triangle, ^D is a perpendicular on BC, 
the angle ABC^</>, ACB ^0, shew that 

BD tan0 = CD tan^, 
and AB cosec^ ^^ AC cosec0 (Art. 23). 

IV. By the aid of Arts. 24, 26. 

1, Shew sin*^ - cos'^ = sin*5 - cos*-4. 
Taking the left-hand side, we have 

sin'^ - cos'-B = (1 - cosU) - (1 - sin'^) 
= 1 - co8'-4 - 1 + sin'^ 
B sin'^ - cos*^. 

2. T-5 s = tan^ + cot^, 

Bin^ cos^ 

i. ,A . n^x 1 sin«^ + cos«^ 

for (Art 24)^—^^= sin ^ cos ^ ' 

Shew also that the following results are true : 

« sin*^ + tan«^ - tan»^ cos*^ ^ ,^ 

3* rS-Ti s^N = tan*^. 

cos*^ (1 + cot*^) 

(cos^ + sin^)' ^^ (cos*^ - sin*^) (cos^ - sin^) 

cos^ sin^ 

m 2 (cosec^ + sec^). 
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5, coi*A - 1 + sia*A - 2 cos*-4 sin'-^i = 0. 

6. (sin a C08/3 - cos a ainfi) (sin a co8/3 + cos a sin)3) 

e sin'o - Bin*i3. 



7. (coscr C08/3 + sin a sin)3) (cos a cos)3 - ana sin/S) 

= cos'/S - sin'a = cos'a - sin'/?. 

8. (cos^ + sin^) (cos^ - sin -4) = ^-^^ r-r . 

^ ' 1 + tan*-4 

The denominator on the left being unity use Art. 24. 

9. Bin0 (1 -f tan0) -i- co80 (1 -f cot0) = sec0 -i- cosec0. 

10. 8in*)3 + versin'/3 = 2 yersin/3. 

11. sec'^ cosec'^ « seo'^ + cosec'^. 

^ „ cos'-4 - sin'^ ^ ^. J ^, ^ 

12. . , ^ . -p + 1 = cot*-4 cot*^. 
sinM sin'^ 

13. cot*-4 cos'^ = cotM - cos'^. 

, . tan-4 + tan5 . ^ . x> 

14. — —z r^ = tan-4 tan^. 

cot^ + cot^ 

Arts. 26, 27. 

Find the other trigonometrical ratios, having giyen 

(1) sin^ e i . (2) cos4 « g . (3) tan^ « | . 

(4) oot0 = -^. (5) sec a a 7(2). (6) coseca » 2 ^(3). 

(7) versin/3 = | . (8) tan0 = ^ . (9) sin*^ - cos'^ - L 
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V. ArtB.28— 30. 

Find the yalue of the angle when 



1. tan»^-l = 2tan^ 

4 



TT 



By Art. 28 tan-=l. 

Hence tan«^-l«2, tan*^ = 3, tan^ = V(3), 
and ^ = 6(y» or ^ , by Art. 30. 

2. tan^ + cot^ = 4. 

tan^ + -— 2 = 4. 
tan^ 

tan*^ +1=4 tan^. 

tan*^ - 4 tand = - 1, a quadratic in tan^. 

tan«^ - 4 tan^ + 4 = - 1 + 4 = 3. 

tan^ = 2 ± V(3). 
Equations of this sort very often reduce to quadratics. 
Sometimes, howeyer, we have one of this kind, 

3. (1-2 co8*a) (3 - tan»o) = 0. 
This gives either 

1 T 

(i) 1-2 cos'a = or cosa s= — —- , a = 45° or - , 

V(2; 4 

or (ii) 3 - tan'a « 0, tana = ^(3), a = 60® or ^ , 

for any value of a that satisfies (i) or (ii) must evidently 
satisfy the given equation. 

4. Shew that the tangents of 30°, 46°, 60° are in Geo- 
metrical Progression. 
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5. Solye the following equations : 

(1) tan'a + 4 flin"a = 6. (2) tan»0 + cot*0 « 3J. 

(3) tan"0 + cot*0 = 2. (4) sin"^ + cos^ = - . 

(5) tan^ = 2 sin^. (6) cos"^ - 2 sin^ + j - 0, 

(7) 3 cosec*^ + 8 = 10 cosec'^. 

6. If cos 2^ s sin 3^, find the number of degrees in A, 
seQ Arts. 18, 29. 

7. Also when tan 8^ = cot^. 

8. Haying giyen sin 36° = .6S778, shew that 

COS36'' » .80901. 

9. Hayinggiyen sin 50° = .76604, shew that 

tan 60° =1.19176. 

10. Haying giyen cotl° = 67.28996, shew that 

sin 1° = .01746. 

11. Find sin 18}°, haying given 

sin 18° = .30901, sin 19° = .32557, see end of Art, 30. 

12. Find cos29° 36' 12", haying giyen 

sin 61° = .87462, sin 60° = ^ . 

VI., vn. 

1. Find all the angles up to 640°, satisfying the relation 
sin^ = ^ , our first yalue is ^ = 30°. 

But, by Arte. 36, 37, 38, 
Bin^ = sin(180°-^) 

= sin (360° + ^) 

= sin (360° + 180° - A) or sin (640° - A). 
Hence our angles are 30°, 160°, 390°, 610°. 
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2. Find all the angles up to 640^» satisfying iaji^A = 1. 
Here tan^ « ± 1. Taking the positiye sign. 

(i) tand B 4- 1, ^ B 45^ and the tangent is positive in the 
first and third quadrants, and the values recur after every 
complete revolution ; our angles are therefore 

45^ 180° + 45°, 360^ + 45°. 

(ii) tan^B- 1, the tangent is negative in the second 
and fourth quadrant. Hence 

180° -46^ 360° -46°, 360° -f 180° - 46° are our angles. 

Collecting all, they are 46?, 136°, 225°, 315°, 405°, 495°. 

3. Find all the angles up to 49r, satisfying 

cos^ = 0, 8in^=^^, sec"^ = 2, tan^eoo. 

4. Determine the trigonometrical ratios for 585°. 

This » 360° + 225°, and therefore we have only to find 
them for 225°, Art. 42. 
Also for 690°, 930°. 

5. Find the first six values for < nsr + (- 1)" -I , where 
n is zero or a positive integer. 

6. Trace the change in sign and magnitude from ^ = 
to ^ = 25r of 

cosO + sind, tand + cot^. 

7. (Art. 53). Solve the equations 

sin*^ + 2 cos*^ = 3, sec"^ + cosec*^ = - . 

4 

vin. 

1. Find the general value of when 
2 cos'd + 5 8ind-4 = 0, 
we have 2-2 sin*^ + 6 sin^ -4 = 0, 
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8in'^--sin^ = - 1, 

2 ^16 16 16' 

. ^ ±3+6 
BinO = — - — . 
4 

By Art. 63. The only admissible value for is giyen 

— 3 + 5 1 
by sin^ = — - — = - . The least positive angle is there* 

fore s 30° = - , and our general formula is (Art 56) 

^ = n7r+(-l)*^. 

2. Sometimes in solving ve come across such a solu- 
tion as 

sin«^ = i orsin^ = ±^j, 

and taking both signs separately we should get two results 

^««9r + (-irj, ^ = n9r+(-l)»(7r + ^V 

1 . TT 

Since the least positive angle for sin^ = - --^ is «• + - . 
We may, however, in such a case combine the two. 

BuLE. In stick cases write doum all the angles up to 
29r + ^ (t. e. one revolution after the first angle) that suit, 
observe what signs come before 0, and whether the multiples 
ofv are even or odd, then make a suitable formula. 

Thus in our equation 

5r, w--, 9r + -, 29r--, ^tt + - , 
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all satiflfy it. Now looking through these we see that odd 
multiples of v are followed both by + - and - ^ » «o also 
are even multiples. Whatever, therefore, the multiple be, 
there is always + and - following. Hence 0swr±- is 
our general expression. 

3. Find the general yalue of the angle from the follow- 
ing equations : 

(1) sin^+ cosec^s 2. 

(2) 2 tand s -s— ^^ ;= , see Rule above. 

^ ^ iinO cos^ 

(3) 3 sec*^ + 8 a 10 sec*^. (4) cos*^ = cos*a. 

(6) tan*^ = tan* a. \6) &m*0 + cos^^ = 0. 

(7) 6 sec*^ - 8 sec*^ - 48 = 0. 

4. What is the general value of when 

(1) cosec^-;^. (2) tan«^ = i. 

IX. 

1. Prove the formula cot^ + tan^ = 2 c0Bec2^« 
It is best as a general rule to take the more complicated 
side and transform by the aid of known formulas into the 

other. 

. J ^ A cos^ sin^ 8in*-4 + cos'^ 

cot-4 + tan^ « -: — 7 + 7 « — -, — ^ -j- 

fsoiA cos^ sm^ cos^ 

1 
Viw.A cos^ 

= -A^ , Art. 77 (10), 

s 2 co8ec2^. 



EXAMPLES. 95 



2. Shew that tan-4 + sec^ = tan f 46° + - j . 



1 +tan — 



Now tan Ud^ + ~) = ^ , Art. 76, 

^ ' 1 - tan — 



sin Y + cos — (sin — + cos ~ j 
cos- -sin- cos«--8m- 

multiplying numerator and denominator by cos-^ + sin-^ , 

sin* 2" + ®°®*2"'" ^ ®^° 2" ^°® "2" 
cos«Y-8m«2 

= 1±^, Art. 77 (10) (11), 
cos^ 

=s sec^ + tan -4. 

3. Prove the formulae : 

(1) co8ec2-4 + cot 2-4 = cot-4. 

(2) sec^ = 1 + tan^ ^'^ T* 

(3) cosec2^ = V^T • ^*^ ''''^'^ ^ ''°'*^ " ''''* 2 ' 

(6) 2 cosec2-4 = sec-4 cosec-4. 

,-. 2 sin^ + sin2-4 ,^ 

^^> 2sin.4-sin2^ °^"^2- 

(7) 2 sin«^ sin*J5 + 2 cos'-^ C08»J5 = 1 + C082^ cos25. 
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(8) cot^A - jB) + cos*5 - 2 cob(A - S) cobA cosjB = sin^A. 

(9) sin*(^ - J5) + Bin'JB + 2 sin(^ - jB) sin-B cos^ = sln'A. 

(10) ^^ ^ « gin2g. 
l + tan«g.^) 

^ «, C082-4 - cos4^ X o ^ i. ^ 

4. Shew — S-; r^ = tan 3-4 tan^, 

C082A + cos 4^ 

f. J . . 2 sm sin 

cog2^-cog4^ 2 2^ A^•7o/7ufl^ 

co82.1 + cos4^'" Srrn 4^-2^'^'^^^^^^^^' 

2 cos — 2 cos 

8in3.4 sin^ ^ ^ j . j 

= — jr-i 7 = tan 3-4 tan^. 

cos 3^ cos .4 

5. ProTo the formulse : 

,-. Bin A + sin3.4 ^ « . 

0) -2 3-7=tan2-4. 

. cos^ + C0S3-4 

,„. sin-^ + 2 8in5.4 + 8in9^ . - ^ 

(2) z — -R -=r-j ;7-rstan5-4. 

^ '' cos^ -i- 2 cos 5.4 + cos 9.4 

(3) cos^ + cos (-4 + 2B) - 2 cos(^ + B) cosjB = 0. 

(4) 8in5^ 8in.4 = sin'3.4 - sin*2.4. 

(5) sin 7.4 sin 3^ = sin' 5.4 - sin*2.4. 

(6) sin 3^ sin'.4 + cos 3.4 cos'^l - cos'2^. 

(7) tan2-4 - tan^ = — V^°^ n . ■ 

cos^ + COS3.4 

(8) sin 3.4 cosec.4 - cos 3.4 sec .4 « 2. 

,^. sinJB sin (2.4 + JB) « t a -d^ 

(9) -: — J = — ^: — - — i- - 2 cos(.4 f B). 
' sin.4 sin.4 ^ 
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(10) cosA + co8(120° - ^) + co8(120« + ^) - 0. 

/12) COS 2^ J: cos2nA + cos 2 (2n - 1) A 

^ sin 2^ ± sin2»^ + sin 2 (2n -1)a'' ^^^^it^' 
(12) co8«2^ - co8«3^ = sin^ sin 5^. 

6. Shew 4 sin^ sin (6(P - A) sin (60° + ^) = sin 3^. 
4 sin^ sin (60° - A) 8in(60° + ^) 

= 4 sin^ .- {cos 2^ - cos 120°}, Arts. 12, 73, 74, 

= 2 sin^ |l - 2 sin«^ + 1 j , Arts. 77 (12), 30, 

= 3 sin^ - 4 sin'^ 
= sin3-4, Art 78. 

7. Prove the following : 

(1) 4 cos^ cos(120° - A) cos(120° + A) ^ cobZA. 

<=""("^-|)««'{"-*f)-r^- 

8. Solve the following equations : 

(1) 8in8^ + sin^ = 0. (2) cos3^ + cos2^ + cos^ = 0. 

(3) tan^ + tan g + ^) = 2. (4) cotg + ^V^ 3 cotg - fi) . 

If) a *?/j 
(6) sin — - sin - = sin -- . (6) 4 sin^ sin3^ = 1. 

9. If A, JB, C be the angles of a triangle, then 

8in-4 + sinjB + sinC = 4 cos — cos - cos — . 

.2 2 2 

8in^ + sin^ + 8inC= 2 sin^^lt^ costal:? + 2 sin- cos - . 

2 2 2 2 
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Now ^ + jB + C= ISO**, and ^- 90P - ^^^. 
and the aboye 

o 2 sin — jr— cos — - — + 2 sin — 5— cos — 5— (Art. 18) 

« 2 8in— ^ (^°»— 2- + ^''^ "2~/ 

C „ ^ .5 ^ ^ -» C 

= 2 C08-r.2 COS— cos— ■ 4 COS— COS— COS—. 

Z 2 2 A Zt ^ 

10. If^ + J9+ C« 180°, shew 

(1) cos^ + cos-B + cosC= 4 sin— sin-- sin— + 1. 

2k it A 

(2) sin 2^ + sin2£ + sin2Cs 4 sin^ sinJ? sinC. 

(3) Sin*—- + sm' — + sin"— + 2 sin — sin 77 sin ~ = 1. 

2 2 iB 2 2 2 

(4) co8'-4 + cos'5'+ cos*C+ 2 co8-4 cos-B cosC- 1 « 0. 

(5) 1 + cos^ cos J? cosC 

B cos^ sinJ? sinC-i- cosB sin^ sinC-f cosCsin^ sin£. 

(6) tan^ + tan/? + tanC== tan^ tan^ tanC. 

(7) cot-4 cotjB + cot-4 cotC+ cot-B cotC= 1. 

,^, ^ B C . W'A ir-B ir-C 

(8) cos — + cos — + cos- = 4 cos — - — cos — : — cos . 

^ ^ 2 2 2 4 4 4 

(9) sin- + sin- 4 sin- -1 

. . W ~ A . TT - B . W-C 

o 4 sm — - — sm — - — sin — r— . 
4 4 4 

11. If ^+^4 C=90°. 

(1) tan^ tanjB 4 tan^ tanC4 tanJ? tonC= 1. 

(2) cot^ 4 cot^ 4 cotCs cot^ cot£ cotC 

(3) sin2^ 4 sin2ir 4 sin2C= 4 cos^ cosJ? cosC. 
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J ' n • » 1 + tan — 
(A\ CQg^ -f smC- sin Jr 2 

C08-B + sinC - 8in<4 - • B' 

1 +tan^ 

12. If in any triangle ABC^ sin^ + sinCa 2 sin^. 

ABC 
Shew that cot—-, cot~, cot— are in Arithmetical 

Progression. 

13. -4 + jB+ C»w. 

Sliew ^ ^ C' 

tan^ + tanJg-ftanC ^ ^2 ^^2^°2 ^.^ g. 
(sin^ + sin^ + sinC)* * 2co8^co8J9cobC 

14. Given Bin46*' = 4; I co83(y>ol. 

V2' 2 

Find 
8inl6°, cosl6^ 8in75^ co876^ tanVJ^ 8in22J% oosllj^ 

X. 

1. Find the characteristic of .6, .593, .80764, .003 to the 
base 10, Art. 95. 

Also of 16, 375, 8974, .64 to the base 7. 

2. Given log„36702 = 4.6646897. 
Write down the logarithms of 

3670200, 3670.2, 3.6702, .036702, .0036702, Art 96. 

3. Given log2 » .^0103, log7 - .845098 ; find log98. 
Now 98 = 7x14 = 7x7x2b7*x2. 

Hence log98 = log(7' x 2) « log7* + log2 (Art 87) 

= 21og7 4 log2(Art91) 
= 1.690196 + .301030 
» 1.991226. 
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4. Given log2 = .30103. Findlogy(2). 

log\^(2) « log(2)* = 1 log2 (Art. 91) 

= .100343. 

6. Given log 2 = .301030, log3 = . 477121, log7-. 846098. 
Find logarithms of 

6, 15, 6.4, 17.6, .875, 6860. 

6. Find logarithm of 81 to base V(3). 

Let logvtt)81 = X. Then V(3)' = 81 (by Art. 83), 
« 
or 3* = 81 « 3*, whence ^ = 4, or a? = 8, 

and log^Gi)81=8. 

7. Find logarithm of 266 to base 2 V(2), of 128 to 
base V(4), of 243 \/(9) to. base V(3). 

8. Given log 2 = .30103; find logarithms of 

Also find log cos 45% log tan — . 

9. Given logl8 = 1.255272, log25 = 1.397940. 
Find those of 2, 3, 16, 450, .075, 3.75. 

10. Find a? when /-)* = - . 

Given log 2 = .301030, log3 = .477121. 
Taking logarithms of both sides (Art. 98) 

log@" = log|, 
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or X (logl - log 2) => ldg2 - log 3 (Art. 88) 

- X log2 = log2 - log3 (Art. 85), 

(X + 1) log2 = logs, 

477121 
* ''" " 301030 ' 

176091 _.- 
^ = 301030 = '^^^' 

11. Find « when 20' = 100. 

12. Qiven log 3 and log 2 (see above). Find x when 

13. Find x when 6*^= 2**', log 2 being supposed known. 

XL Arts. 101— 105. 

1. If ^.BCbe a right-angled triangle, C=90°, shew that 

Construct the figure. 

Then cos 2-4 = co8*-4 - 8in*-4 

= ---== . = ^ i(Euc. I. 4/). 

2. With the same conditions as in (1). Shew that 

(1 ) COS (^ - -B) - ?J . (2) cos(45» ± ^) = :^ (^") • 

3. In any triangle ABC^ shew 

tan - -4 tan - j& = 5—— . 

2 2 a -f 5 + c 
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By Art 104, 

a^b - e 
8~e 2 

8 a + b -^ e 
2 

a4- 6 + 0* 

4. In any triangle AJBC, prove 

(1) a a 6 cobC+ e cosA (2) a {b cosC-c co85)=6"-c". 

(3] tanj^s -. (4)- — 7^=»-i — ^ — n- 

iR\ ^P (-^ •" ^) g*-y //.x versing a (a + c » ft) 
^^ Bin(Z+TBy " c« • ^ ^ versing " 5 (5 + c - a) ' 

(7) 1 -tan — tan— « . 

^ ' 2 2 a+6+c 

5. If the sides a, 6 of a triangle include an angle of 120°. 
Shew (^^a^^db^l^ (Art. 103). 

6. If 2 008^ s -:—— , the trians^le is isosceles. 

sinC 

7. If the sides of a triangle are in Arithmetical Pro- 
gression, so also are the opposite sides. 

8. If =r = . ,.^ , the triangle is isosceles or right 

tan^ 8in*-B ^ ® 

angled. 

9. If in a triangle ^ : j& : C:: 2 : 3 : 4, then will 

1 . a^ c 
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10. In any triangle, if p be the perpendicular from A 

upon BC, 

b*smC-^c*BlnJB 

P = 1 • 

^ 5 + c 

XU. Arts. 107—110. 

1. If^ + J9aCina triangle, and a s ^(3b). Solve 
the triangle. 

Since ^ + J5 + C = 180^ 

we have 2C = 180°, C = 90^ ^ + -B = 90^ 

^T sin -4 a -._. 

Now -^— = = ^ = V(3), 

sin -B ^ 

and sin J9 = sin (90® - A) = cos A, 

Hence ten^ = V(3), -4 = 60°, 5 « 30°. 

2. Solve the triangle, having given 

(1) = 75, ^ = 30°, C=90°. 

(2) c = 60, a = 25, = 90°. 

(3) o = 80, jB = 16°, C= 90°, Ex. ix. 14. 

3. Solve the triangle when 

C=120, jB = 36°, C=90°, 
having given sin36° = .6877853, sin54° = .8090170. 

4. Three towns A, B, C are equidistant from each 
other. Z) is mid-way between A and B, Compare the 
distances of 2) from A and C, 

5. Determine the altitude of the sun when the length of 
the shadow of a vertical stick is to the length of the stick 
as 1 : V(3). 

6. What is the height of a tower whose top appears at 
an elevation of 30° to an observer 140 feet from the foot 
of the tower, his eye being 6 feet from the ground ? 
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7. A ladder is just long enough when yertical to reach 
to the top of a huilding 60 feet high. If it be placed 
against the building so as to reach to a point 30 feet from 
the top, find the angle of elevation. 

8. A ladder 38 feet long reaches to a window 19 feet 
from the ground. It is. turned over and just reaches a 
window on the opposite side of the street 19 V(2) feet high. 
The foot of the ladder is supposed to remain stationary. 
Find the width of the street. 

9. A man obseryes that the elevation of a hill Is such 

that tan^ o _^\— L_— - . If he be one mile from the foot, 
V(3) + V(2) 

what is the height P 

10. A, Bj C are three vessels. The distance between 
A and Cis always 10 miles, and the lines joining A and B, 
C and B at any moment form a right angle. If the dis- 
tance between A and B is five miles, determine Cs 
position. 

Xm. Arte. 111—116. 

1. If a = 80, 5 « 240, ^ = 30^, is there any ambiguity ? 

Here - sin^ = sin5 = ^ sin30° = 3 x ^ = IJ, 
a oO 2 

which is impossible. The triangle does not exist, Art. 113 (a). 

2. Find A having given sin J? s .5, a » 10, 5 = 5. 

3. Having given 

sinl8°=» ^^^^"^ =sin^, a = 4, 6 = 4 + V(80), 
solve the triangle. 
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4. If Pj, Cj, B^, C„ be the angles of the two triangles 
in the ambiguous case, 

sinC, sin Co „ ^ 

-7^ + -^ = 2 C08-4. 

5. Solve the triangle when 

logo + log 10 = logft + L 8in-4, Art. 99. 

6. The sides of a triangle are 32, 40, 66; find the 
greatest angle, haying given log 207 « 2.3159703. 

L cot66° 17' 16" = 9.6426853, log 1073 = 3.0305997, 

28 = 32 + 40 + 66 = 138, « = 69, 

C II 69.3 \ / 207 \J 
^^^2 = V\37:29J = ll073J' 

Z cot|'= 10 + i log207 - ^ log 1073 

= 10 + 1.1579851 - (1.5152999) * 

= 9.6426853 

= L cot66° ir 16" by what is given, 

- = 66°iri6", C= 132° 34' 32". 
2 

7. In a triangle ABC, when a = 18, ft = 20, c = 22, 
find L tan — , having given 

log3 = .4771213 and log5 = .69897. 

8. Apply the formula for cos— to find the greatest 

angle in a triangle, whose sides are 5, 6, 7 feet, having given 
log6 = .7781513, L cos39° 13' 53.5" = 9.8890756 (Euc. 1. 19). 

P 
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9. Oiyen a e 18, & » 2, C= 55^ 

L tanll3» 63' 41"= 10.1866133, L cot27° 30"= 10.2835233, 
(Art 112). Solve the triangle. 

10. If a = 2, e = 3, Z sin^ = 9.5228787. 
Find C, when log3 = .4771213. 

XIV. 

1. ABC is a triangle, its sides are 3, 4, 5 feet respec- 
tively, find the area. 

area = V{« (« -«)(«- ^) (» - c)}, Art 116 (2), 
2« = 12, « = 6, 
A = V(6*3.2.1) = 6 square feet 

Or, since 3* + 4* = 5*, the triangle is right angled, and, 

(Art 116 (1)), 

11 12 

area « - aft sinC = - .3.4 sin 90® = — = 6. 

2. Two sides of a triangle are as 1 : 4, and the included 
angle = 30®. Find the area. 

3. Find the area when a = 16, 6 = 20, e = 24. 

4. Shew that the sum of the two areas in the ambiguous 
case (Art. 113) = 5' sin ^ cos^. 

5. Find the area of the inscribed circle in Ex. (3). 

6. Find the area of each of the escribed circles of 
Ex. (3). 

7. Three tobacco pipes, each 14 inches long, are made 
into a triangular stand. Allowing 2 inches for the over- 
lapping in each pipe, find the radius of the bottom of 
the smallest circular vessel that can stand on them. 
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8. A triangular piece of ground, the sides of which are 
300, 600, 700 yards long respectively, is enclosed hy a cir- 
cular fence. Find the length of the fence. (Circumference 
of circle = 29r x radius). 

9. Find the area of a regular hexagon descrihed ahout 
a circle, each side heing 6 feet (Art. 123). 

10. The sides of a triangle are 3, 5, 6 ; find the radii of 
the inscribed and circumscribed circles. 

11. Find the ratio between (1) the sides, (2) the areas, 
of an equilateral triangle, and a square inscribed in the 
same circle (radius r). 

12. If in a regular polygon of n sides, each side is 2a; 
the sum of the radii of the circumscribed and inscribed 

circles is a. cot r:-. 
2n 

XV. Arts. 126, 126. 

1. Find the area of the circle described in an equi- 
lateral triangle whose sides each => a, and «hew that its cir- 
cumference = -7— . 

2. A man has a square plot of ground 3600 square yards 
in extent. He turfs the largest circle he can within it. 
Find the area of what is left for planting. 

3. The radius of the earth is about 8000 miles, find the 
area of the parallels of latitude 30°, 45^ 60°. 

4. With the angular points of an equilateral triangle as 
centres, and a radius equal to half the side, arcs of circles 
are described touching each other : determine the area of 
the figure they form (side of triangle s a). 
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ANSWERS. 

I. 

2. 125^66*63^68, 87' 60^ 63^\39, 62'53"16^ 0'6a4r.6. 

4. 113" (y 36", 78°5(y4r.3, 66" 16' 42", 0° 36' 15". 

6. 63°, 9". 6. 4J. 8. 90". 9. 66", 36°. 

IL 

2. (1) .99484. (2)1.0036. (3)^. (4)^. (6)7r + ^. 

4. 67"ir44".8, 28"38'62".4, 85" 66' 37".2, 
19"6'64".9, 38" 11' 49^.8, 47"44'47".2. 

6. 67'29^67^ 28' 64' 79^ 85' 94' 36^ 19^ 9' 86'*. 
38'19'7r, 47'74'64'\ 

6. 9" 64' 93". 7. 81", 60", 39^ 8. i?^, ?^, 1^°. 

IIL 

1. 60" 44' 32", 16" 43' 67", 163" 66' 33", 3" 40' 39". 

2. tan^ cotB» 

3. (8in^ + cos^ + tan^) (sin^-cos^-tan^) 

= sin^^ - (cos^ + lan^)*. 

4. Bin/3 - ± 



V(3)' 
IV. 

2. (l)sin^=±^. (2)coB^ = :^. 

2 6 

(3)cos^ = |. (4)sin0= ^ 



6 '. /«"y V(181)' 
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(5) cosa = — — . (6) sina = 



V(2)- ^"'"■— 2V(3)- 

4 n 

(7)co8^=-. (8) siuT, = ^^^^.^^^ . 

(9) sine = ^. 

V. 

5. (l)a = I. (2)0 = |<.rJ. (3)0=|. (4)0=^. 

(6) e = 0or5. (6)0 = 1- (7)e = jor|. 

6, 18°. 7. 10°. 
VI., VII. 

^ W StT 6w 7w . i-r. . t \ ''" "l- 

2 ' 2"' "2 ' T' *''• ^ ^ 2' ® ** ^^ ^®^^ 
or any integer. 

T, ?5, !5, ?5. AU multiples of ^ up to and 

3 3 3 3 4 '^ 

including — . Same as for cos^ = 0. 

4. Same as for 330°, 210°. 

6. 30°, 150°, 210°, 330°, 420°, 610°. 7. Both impossible. 

VIII. 

3. (l)^ = n5r+(-ir|. (2) ^ = (2n + l)^ and n^ri J. 

(3) ^ = n^r ± ^ , ^ = n^r + g. (4) 0^mr±a. 

(6)^c=n9r + o. (6)^ = «w--^. (7)n3r±-. 



4. (l)^ = n7r + (-ir^. (2) ^ = n^ ± ^ 



4- v'/ -3 

. « . ^ - nw ± - 
3* V / 6 
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IX. 

8. (l)^-n^, Y "T- 



(2)2^o(n + i) 



ir ot Oa 2nw ± -5- 



(3) 2^ = fMr + (-l)-g, (4) ^ + ^ = n5r±^. 

(6)^ = «9r, 2^ = 2n3r±^. 
(6) ^ = — or — , Bee Art 81. 
14. ainl6o = V(|^.eoB750,co8l5o=V(^ 

co8lir-i[2 + {2 + V(2))*]4. 

X. 

1. 0, 2, 4, - 3, 1, 3, 5, - 1. 

2. 6.5646897, 3.5646897, .5646897, 2.5646897, 3.5646897. 
5. log6 = .778151, logl6 = 1.176091, log6.4 = .732393, 

log 17.5 = 1.243038, log. 875 =1.942008, log6860 = 3.836324. 

7. 5.3, ^ , 243 V{9) = {V(3))\ 

8. log5«. 69897, log 1 25 » 2.09691, log. 1 25 = 1.09691, 
2.98970, .2916, -5 log 2, 0. 



ANSWERS. Ill 

9. log2 = . 30103, log3 = .4771213, log.lGo 1.204120, 

log450 = 2.653212, log.076 = 2.876061, log3.75 = .674031. 
11. 1.637. 12. 1.312. 13. 1.06. 

XII. 

2. (1) a = 37J, 6 = 76 X ^ , ^ = 60°. 

(2) ^ = 60°, ^ = 30°, 6 = 26 V(3). 

(3) e = 80 {V(6) - V(2)}, 6 = 80 {2 - V(3)}. 

3. a = 97.082040, 6 = 70.634236. 4. 1:^(3). 

5. 60°. 6. l!^±^)feet. 7. 30°, 

8. 19 {V(3) + V(2)} feet. 

9. .1312 of a mile » 692 feet nearly. 

10. 6 V(3) miles from B. 

XIII. 

2. 90°. 3. ^ = 90°, C=72°, c = 4 V[{5 + 2 VW}} 

6. ^ = 90°. 7. 9.6733937. 8. 78° 27' 47". 
9. 119° 26' 51", 6° 33' 9". 10. 30° or 160°. 

XIV. 

2. 1. 3. 60V(7). 6. 2y/{1). 

QA 

6. -^, 6 V(7), to VC?). 7. 2 V(3) inches. 
v(7) 

S, B = ^^ yards circumference « «■ {315 ^(6)}. 

9. 6 V(3) square yards. 

10. r 45 V(14). 5-^^(14). 

11. V(3) 5 V(2) or 3« : 8. 
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XV. 

2. 772.65 square yards. 

3. 48000000, 32000000, 16000000 square miles. 



THE END. 



Printed by W. Metcalfe, Green Street, Cambridge. 



[JANVAJELY 1868.] 



frEUEML nST OF WORKS 



PUBLISHED BT 



MESSRS. LONGMANS, GREEN, AND CO. 

PATERNOSTER ROW, LONDON. 



Historical Works. 

LOBD HACATTLAT'S WOBKS. Complete and UDiform Library 
Edition. Bdited by his Sister, Lad^ Tbeysltait. 8 vols. 8yo. with Portrait, 
price £5 58. cloth, or £8 8*. bound in tree-calf by Riviere. 

The HISTOBY of EKOLAKD from the Fall of Wolsey to the Death 
of Elizabeth. By Jambs AirTHOKY Fsoude. M.A. late Fellow of £zeter 
College, Oxford. Vols. 1. to X. in 8vo. price £7 28. cloth. 

Vols. I. to IV. the Beign of Henry VIII. Third Edition. 54«. 

VoLE^ V. and VI. the Reigns of Edward VI. and Mary. Third Edition, 28«. 

Vols. VII. and VIII. the Reign of Elizabeth, Vols. I. and II. Fourth 
Edition, 288. 

Vols. IX. and X. the Reign of Elizabeth, Vols. III. and IV. Sia. 

The HISTOBY of ENOLAKD from the Accession of James II. By 
Lord Macaulay. 

LiBKABT Edition, 6 vols. 8to. £4. 
Cabinet Edition, 8 vols, post 8yo. 4&8. 
People's Edition, 4 yoIi. crown 8vo. 16«. 

BEVOLTTTIOirS in EKOLISH HISTOBY. By Robebt Yauohan, 
D.D. 8 toLb. 8vo. 30«. 

The GOVEBITHEKT of ENGLAND : its Structure and iU Develop- 
ment. By William Edward Heabn, LL.D. Professor of History and 
Political Economy in the University of Melbourne. 8vo. 149. 

PLTITOLOOY ; or, the Theory of the Efforts to Satisfy Human Wants. 
By the same Author. 8vo. 14». 

An ESSAY on the HISTOBY of the EKOIISH OOVEBmiEirT and 

Constitution, from the Reign of Henry VII. to the Present Time. By 
John Eabl Russell. Fourth Edition, revised. Crown 8vo. 68, 

On PABLIAMEHTABY GOVEBKHEITT in EKGLAKD : Its Origin, 
Development, and Practical Operation. By Alpheub Todd, Librarian of 
the Legislative Assembly of Canada. In Two Volumes. Vol. 1. 8vo. 109. 

A 



2 NEW WORKS PVBLIBHXD BT LONGMANS akd GO. 

The HISTOBY of ENOLAND daring the Rei^ of Gksorge the Third. 
By the Sight Hon. W. N. Masset. Cabinet Edition. 4 toIs. post Syo. 249. 

The C0N8TITUTX0VAL HISTOBY of ENGLAND, since the Acces- 
gion of George IIL 1760—1860. By Sir Thomas Bbsxifs Mat, CJB. Seeond 
Edition. 2 vols. 8to. S8«. 

GONSTITITTIONAL EISTOEY of the BEITISH EMPntE from the 
Accession of Charles I. to the Restoration. By G. Brodib, Esq. Historio- 
grapher-Boyal of Scotland. Second Edition. 8 Tola. Svo. 86*. 

HI8T0EICAL STVBISS. By Henbt Meriyale, H.A. Sto. price 
12. 6d. 

The OXEOED BErOEMEES of 1498 ; being a History of the Fellow- 
work of John Colet, Erasmus, and Thomas More. By Fbedbbic Seebohm. 
Sto. 12«. 

LEOTUEES on the HISTOBY of ENGLAND. By Williak Lonq- 
XAF. Vol. I. fW)m the Earliest Times to the Death of King Edward XL with 
6 Maps, a coloured Plate, and 58 Woodcuts. Svo. 15s. 

flISTOEY of CIVILISATION in England and France, Spain and Scot- 
land. By HEiniY Thomas Buckle. Fifth Edition of the entire Work, 
with a complete Iedex. 8 toIs. crown Sva 24t. 

DEHOCEACY in AHEEICA. By Alexis Db Tooquevuxb. Trans- 
lated by Heitkt Eebvb, with an Introductory Notice by the Translator. 
2 Tols. Sto. 21«. 

The SPANISH C0NQT7EST in AHEEICA, and its Kelation to the 
Hiktory of SlaTcrv and to the GoTernment of Colonies. By Abthttb Helps. 
4 Tols. Sto. £3. vols. I. and II. 28«. Vols. III. and IV. 16s. each. 

HISTOBY of the EEPOBKATION in EUEOPE in the Time of 
OalTin. By J. H. Merle D'Aubigit^, D.D. Vols. I. and II. 8to. 289. and 
Vol. IIL12#. Vol.IV.16». 

LIBEAEY HISTOBY of FBANCE, a New W^ork, complete in Five 
Volumes. By Etbe Etaws Ceowe. Vol. 1. 14*. Vol. IL 15». Vol. HI. 
1S». Vol. IV. 18«.— Vol. Y.just ready. 

LECTDBES on the HISTOBY of FBANCE. By the late Sir Jakes 
SxEPHEir, LL J). 2 TOls. 8to. 249. 

The HISTOBY of GBEECE. By C. Thirlwall, D.D. Lord Bishop 
•f St. DaTid's. 8 toIs. fcp. Sto. price 289. 

The TALE of the GBEAT PEBSIAN WAB, from the Histories of 
Herodotus. By Geosge W. Cox, M A. Fcp. 79.6<f. 

GBEEK HISTOBY from Themistocles to Alexander, in a Series of 
LiTCs Arom Plutarch. BeTised and arranged by A. H. Clough. Fcp. with 
44 Woodcuts, 69. 

CRITICAL HISTOBY of the LANGITAGE and UT^BATITBE of 
Ancient Greece. ^ By William Mube, of Caldwell. 6 toIs. Sto. £3 99. 

HISTOBY of the UTEBATTJBE of ANCIENT GBEECE. By Pro- 
fessor K. O. Mt^LLBB. Translated by the Bight Hon. Sir Gbobgs CoEite- 
WALL Lewis, Bart, and by J« W. DoiTALDSOir, DJ). 8 vols. Sto. 869. 

HISTOBY of the CITY of BOHE from its Foundation to the Sixteenth 
Century of the Christian Bra, By Thomas H. Dyeb, LL.D. Sto. with 2 
Maps, 169. 



NSW WORKS PUBUSHBD by LONGMANS JlSTD GO. 8 

HI8T0BT of the BOMAKS under the EHPXBB. By the Rev. 0. 
Mbbiyalb, LLJ). 8 vols, post 8yo. 48«. 

The FALL of the BOHAK BBFTTBLIC: a Short Bistory of the Last 
Century of the Commonwealth. By the same Author. 12mo. 78, Qd, 

The EI8T0BY of IBDIA, from the Earliest Period to the close of Lord 
Dalhonsie's Administration. By JoHir Culbk Mjlbshmait. 8 vols, crown 
8vo. 229. Qd, 

HISTOBY of the FBEBCH in IBDIA, from the Foonding of Pondi- 
cherv in 1674 to its Capture in 1761. By Major G. B. Mallesoit, Bengal 
Staff Corps. 8yo. 16^. 

CBITICAL and HISTOBICAL ESSAYS contributed to the Edinburgh 
Seview. By the Bight Hon. Lord Macaulat. 

LiBBABY Edition, 3 toIs. Syo. 36«. 

Gabiitbi Editioit, 4 vols, post 8vo. 249. 

Tiu.velleb'8 Editioit, in One Volume, square crown 8vo. Zla, 

Pocebi Editioit, 8 vols. fcp. 21«. 

Pbople*8 Edition. 2 vols, crown 8vo. Ss. 

The PAPAL BBAMA: an Historical Essav, wherein the Stoi^ of the 
Popedom of Bome Is naiTated from its Origin to the Present Time. By 
Thomas H. Gill. 8vo. 12«. 

GOB in HISTOBY ; or, the Progress of Man's Faith in a Moral Order 
of the World. By the late Baron BuNBEir. Translated from the German 
by SusAirirA "WiirKWOETH; with a Preface bv Aethue Penehyn 
Staelet, DJ). Bean of Westminster. Vols. L and II. 8vo. INearly ready, 

HISTOBY of the BISE and nrPLTTEBGE of the SPIBIT of 

BATIONALISBI in EUROPE. By W. E. H. Lecky. MJl Third Edition, 
revised. 2 vols. 8vo. 2A8, 

The HISTOBY of PHILOSOPHY, from Thales to Comte. By 
Geobgb Hbeey Lewes. Third Edition. 2 vols. 8vo. 309. 

EGYPT'S PLACE in TTITIVEBSAL HISTOBY ; an Historical Investi- 
sntion. By Baron Buesen, D.CL. Translated by C. H. Cottsell. JCA. 
With Additions by S. BiacH, LL.D. Vol. I. Kew Edition, revised and 
enlarged, price 81«. Qd, Vols. II. 30«. Vols. III. and IV. 26«. each : Vol. Y. 
just published, 63«. The Set complete, in 6 vols. 8vo. price JB8 149. 6d. 

KAITNDEB'S HISTOBICAL TBEASTTBY ; comprising a General In- 
trodnotory Outline of Universal History, and a series of Separate BUstories. 
Pep. lOf « 

HISTOBY of the CHBISTIAK CHTTBGH, from the Ascension of 
CSirist to the Conversion of Constantino. By E. Buston, I).D. late 
Prof, of Divinity in the Univ. of Oxford. Eighth Edition. Pcp.8«. 6d. 

SEXTCH of the HISTOBY of the CHTTBCH of EKGLAHD to the 

Bevolution of 1688. By the Bight B<ev. T. V. Short, D.D. Lord Bishop of 
St. Asaph. Seventh Edition. Crown 8vo. 10«.6(2. 

HISTOBY of the EABLY GHUBCH, from Oie First Preaching of the 
Gtospel to the Council of Nicaea, AJ>. 825. By Elizabeth M. Sewbll, 
Author of *Amy Herbert.' Pep. 4«. 6<l. 



4 NSW WORKS F1TSU8HSD bt LONGMANS avd GO. 

n* SVeUBK BXrOBXilTIOK. Bj F. C. Massivobsbis M.A. 
CluHioeUor of Lincoln mod Sector of South Onnil^. Pourth Edition, rerised. 
7cp. 8to. it. 6d. 

HlfTOBT of WZ8LXTAN XSTHOSISM. By Gbosob Smith, 
VJL8. Fourth Bdition, with numaroni Portraiti. S toIs. or. Syo. 7<. each. 



Biography and Memoirs. 

DICnOVAXT of OENEEAL BIOGSAPEY; containing Concise 
Kemoira Mid Notices of the most Eminent Persons of all Countries, firom 
the Earliest Ages to the Present Time. Edited by W. L. R. Catss. 8vo.21<. 

KSXOIBS of Sir PHILIP FRANCIS, K.C.B. with Correspondence 
and Jonmsls. Commenced by the late Joseph Paskss ; completed and 
edited by Hbhmah Mbbiyale, K.A. 2 vols. Sro, with Portrait and Fac- 
iimile8,30f. 

LIFZ of BARON BITNSEN. By Baroness Bumsen. Drawn chiefly 
flnom Family Papers. With Two Portraits taken at different periods of the 
Baron*s life, and several Lithographic Views. 2 vols. 8vo. [Nearljf ready. 

UWE and CORRESPONDENCE of RICHARD WHATSLY, D.D. late 
Archbishop of Dublin. By E. Javb Whatbly, Author of ' English 
Synonymes.' With Two Portraits. 2 vols. 8vo. 28s. 

XXTRACT8 of the JOITRNALS and CORRESPONDENCE of MISS 
Bbbbt, firom the Year 178S to 1862. Edited by Lady Thsbbba Lewis. 
Second Edition, with 8 Portraits. 8 vols. 8vo. 42*. 

UFB of the DITBX of WELUNOTON. By the Bey. G. B. Gleio, 
H.A. Popular Edition, carefully revised *, with copious Additions. Crown 
8vo. with Portrait, 6«. 

HISTORY of HY RELIGIOTTS OPINIONS. By J. H. Newkan, D.D. 
Being the Substance of Apologia pro Yitft Sui. Post 8vo. 6«. 

FATHER MATHEW: a Biography. By John Fbanoxs Kaouirb, 
H.P. for Cork. Popular Edition, with Portrait. Crown 8vo.S«.6<{. 

Rome ; its Rulers and its Institutions. By the same Author. New 
Edition nearly ready. 

LETTERS of DISTINGUISHED HTJSIGIANS, viz. Gluck, Haydn, P. K 
Bach, Weber, and Mendelssohn. Translated ft'om the German by Lady 
Wallace. With Three Portraits. Po8t8vo.l4ff. 

PEUZ HENDELSSOHN'S LETTERS from Italy and Switzerland, 
and Letters from 1833 to 1847, translated by Lady Wallace. New Edition, 
with Portrait. 2 vols, crown 8vo. 6«. each. 

HOZARrS LETTERS C1769-1791), translated from the Collection of 
Dr. Lunwio Nohl by lAdy Wallace. 2 vols, post 8vo. with Portrait and 
Facsimile, 19», 

BBSTHOYEN'S LETTERS (1790-1826), Translated from the Collec- 
tion of Dr. NoHL by Lady Wallace. 2 vols, post 8vo. with Portrait, 189. . 



NEW WORKS PUBLISHED BT LONGMANS Aim CO. 



FABADAY as a SISGOYEBEB : a Memoir. Bj John Ttndall, 
LL J). F.EwS. Professor of Natural Philosophy in the Royal Institution of 
Great Britain, and in the Boyal School of Mmes. Crown 8vo. ^Nearly ready, 

XEMOnUS of SIB HZKBY HAVELOCK, K.C.B. By Johm Clark 
Matmwmatt. Cabinet Edition, with Portrait. Crown 8to. price Ss, 

LITE of PASTOB PLIEDNEB, Founder of the Deaconesses* Institn- 
tion at Kaisers worth. Translated fh>m the German by Catssrittb Wiitk- 
WOBTH. Pep. 8vo. with Portrait, 3«. 6d. 

LIFE of FBANZ SCHTTBEBT, translated from the German of 
Kbitzle Voir Hellbobit by Abthub Duke Colebidge, M.A. late Pellow 
of King^s College, Cambridge. [Nearly ready, 

WITH MAXIMILIAN in MEXICO. From the Note-Book of a 
Mexican Officer. By Max. Baron Voir ALYEirBLEBEir, late Lieutenant in 
the Imperial Mexican Army. Post S\ o. 7«. 6d, 

VICISSITUDES of FAMILIES. Bj Sir Bernard Burke, Ulster 
King of Arms. Pibst, Second, and Thibd Sebies. 8 toIs. crown 8vo. 
12f . 6d, each. 

ESSAYS in ECCLESIASTICAL BIOOBAPHT. By the Bight Hon. 
Sir J. Stbpheb, LL J). Cabinet Edition (being the Pifth) . Crown 8vo. 7«. M, 

MAUHBEB'S BIOGBAPHICAL TBEASTTBY. Thirteenth Edition, 
reconstructed, thoroughly reTised, and in great part rewritten ; with about 
1,000 additional Memoirs and Notices, by w. L. jEI. Cates. Pep. 10«. 6d. 

LETTEBS and LIFE of FBAKCIS BACOIT, including all his Occa- 
sional Works. Collected and edited, with a Commentary, by J. Speddivg, 
Trin. Coll. Cantab. ToLS. I.andll. 8to.24«. 



Criticism, Philosophy^ Polity, &c. 

The nrSTITUTES of JTJSTIKIAH; with English Introdaction, Trans- 
lation, and Notes. By T. C. Sakdabs, M.A. Barrister, hite Fellow of Oriel 
Coll.Oxon. Third Edition. 8vo.l5«. 

The ETHICS of ABISTOTLE, illustrated with Essays and Notes. 
By Sir A. Gbaitt, Bart. M.A. LL.D. Second Edition, revised and completed. 
8 Tols. 8Y0.price 28». 

ELSKEKTS of LOGIC. Bj R. Whatelt, D.D. late Archbishop of 
Dublin. Ninth Edition. 8vo. 10«. 6d. crown 8vo. 4a. 6d, 

Elements of Bhetoric. By the same Author. Seventh Edition. 
Syo. Ids. ed. crown 8vo. 4». fid. 

English Synonymet. Edited by Archbishop Whatelt. 5th Edition. 
Pep. s«. 

BACOK'S ESSAYS with AKNOTATIOHS. By B. Whatblt, D.D. 

late Archbishop of Dublin. Sixth Edition. Syo.l08.M. 



NEW WOBKS PUBLISHED BY LONGMANS akd CO. 



LOBD BACOK'8 WOBKS, collected and edited by R L. Ellis, M.A. 
J. SPBDDiire, M.A. and D. D. Heath. Vols. I. to Y. PhUotophical Workt, 
6 Tols. 8vo. £4 6«. Vols. YLand YII. Literary and Prqfettional Works, 
2 y<^ £1 168. 

On BEPBESEKTATITE GOVEBlTMEirT. By John Stuabt Mill, 
M.F. for Westminster. Third Edition, Svo. 98, crown 8yo. 2«. 

On IIBEETY. Bj John Stuart Mill, M.P. for Westminster. 
Third Edition. Post Svo. 7«. 6d, crown 8ya It. 4d. 

PrineiplM of Political Economy. By the same Author. Sixth 
Edition. 2 Tola. 8vo. 80«. or in 1 voL crown Svo. 68, 

A System of Lo^c, BatiooinatiYe and Indnctlve. By the same 
Author. Sixth Edition. Two toIb. 8to. 2(to . 

irtilitarianism. By the same Author. Second Edition. Sto. Bt. 

Difsertations and Discnssions, Political, Philosophical, and Hig- 

toricaL By the same Author. Second Edition, revised. 3 vols. Svo. S6s. 

Examination of Sir W. Hamilton's Philosophy, and of the FHncipal 
Philoflophical Questions discussed in his Writings. By the same Author. 
Third Edition. Svelte. 

WOEKMEir and WAGES at HOME and ABEOAD ; or, the Effects of 
Strikes, Combinations, and Trade Unions. By J. Waed, Author of *The 
World in its Workshops/ &c Post Svo. 7a. 6d. 

The ELEHEITTS of POLITICAL EGONOHT. By Henry Dunning 
MACLEOD, MA, Barrister-at-Law. Svo. 16«. 

A Dictionary of Political Economy ; Biographical, Bibliographical, 
Historical, and PracticaL By the same Author. Yol. L royal Svo. SOt. 

An OUTLUNE of the KECESSABY LAWS of THOTJOHT : a Treatise 
•n Pure and Applied Logic. By the Most Bev. W. Thohson, DJ>. Arch- 
bishop of York. Orown Svo. 6«. 6d. 

ANALYSIS of Mr. MILL'S SYSTEM of LOGIC. By W, Stbbbino, 

M.A. Fellow of Worcester College, Oxford. Second Edition. 12mo.8«. (M. 

The ELECTION of BEPBESENTATIVES, Parliamentary and Muni- 
cipal ; a Treatise. By Thomas Habe, Barrister-at-Law. Third Bdition, 
with Additions. Grown Svo. 6«. 

SPEECHES of the BIGHT HON. LOBB MACATTLAY, corrected by 
Himself. Library Edition, Svo. lis. People's Edition, crown Syo. Z8,Sd, 

LOBD MACATrLATS SPEECHES on PABLIAMENTABY HEFOBM 
in 1831 and 1S32. 16mo. U, 

SPEECHES on PABLIAMENTABY BEFOBM, delivered in the House 
of Commons by the Bight Hon. B. Dissaeli (1848-1866). Edited by 
Montagu Court, B.A. Second Edition. Svo. lis. 

IKATTGVBAL ADDBESS deliyered to the University of St. Andrews. 
By John Stuaet Mill. Svo. 6*. People's Bdition, crown Svo. Is. 



NEW WOBKS PUBLISHED BY LONGMANS Jlwd GO. 



A SICnONABT of the ENGLISH LANOIT AGE. By R. G. Latham, 

M.A. M.D. F.R.S. Founded on the Dictionary of Dr. 8. Johnsov, as edited 
by the Rev. H. J. Todd, with numerous Emendations and Additions. 
In Two Volumes. Vol. 1. 4to. in Two Parts, price £3 Ids, In course of pub- 
lication, also, in 86 Parts, price 3s. Qd, each. 

THESATTETTS of ENGLISH WOEBS and PHEASES, classified and 
arranged so as to facilitate the Expression of Ideas, and assist in Literary 
Composition. By P. M. BoGET, M.D. New Edition. Crown 8vo. 10f.6d. 

LECTVEES on the SCIENCE of LANGUAGE, delivered at the Royal 
Institution. By Max Mullee, M.A. Taylorian Professor in the University 
of Oxford. PiEST Series, Fifth Edition. 12«. Second Series. 18«. 

CHAPTEES on LANGUAGE. By Frederic W. Farrar, F.R.S. late 
Fellow of Trin. Coll. Cambridge. Crown 8vo. 88. 6d. 

The DEBATES ; a Series of Complete Debates, Ontlines of Debates, 
and Questions for Discussion. By F. Bowton. Fcp. ea. 

A COTTESE of ENGLISH EEADING, adapted to eyery taste and 
capacity; or. How and What to Bead. By the Bev. J. Ptcropt, B.A. 
Fourth Edition. Fcp. 68, 

MANUAL of ENGLISH LITEEATTTEE, Historical and Critical. By 
Thomas Aritold, M.A. Second Edition. Crown 8vo. price 7s. 6d. 

SOTJTHET'S DOCTOR, complete in One Volume. Edited by the Rev. 
J. "W. Wartee, B.D. Square crown 8vo. 12s. 6d. 

HISTORICAL and CRITICAL COMMENTARY on the OLD TESTA- 
MENT ; with a New Translation. By M. M. Ealisch, Ph.D. Vol. I. 
Genesis, 8to. ISs. or adapted for the General Reader, l'2s. Vol. II. Bxodus, 
15s. or adapted for the General Reader, 12s. Vol. IIL Zeviticus, Part I. 
15s. or adapted for the General Reader, Ss. 

A Hebrew Grammar, with Exercises. By the same Author. Part I. 
OtUUnes with Exercises, 8vo. 12s. 6<2. Key, 5s. TjlRT II. JBxcepUonal 
Forms and Constructions, \2s. Qd, 

A LATIN-ENGLISH DICTIONARY. By J. T. White, D.D. of 
Corpus Christ! College, and J. E. Riddle, MA. of St. Edmund Hall, Oxford. 
Impenal Svo. pp. 2,128, price 429. cloth. 

A New Latin-English Dictionary, abridged from the larger woric 
of White and Riddle (as above), by J. T. "White, DJ>. Joist-Author. 
Medium Svo. pp. 1,048, price 189. cloth. 

The Jnnior Scholar's Latin-English Dictionary, abridged from the 
larger works of White and Riddle (as above), by J. T. White, D J), surviving 
Joint* Author. Square ] 2mo. pp. 662, price 7s. 6d. cloth. 

An ENGLISH-GREEK LEXICON, containing all the Greek Words 
used by Writers of good authority. By 0. D. Yofge, B.A. Fifth Edi- 
tion. 4to. 218. 

Mr. YONGE'S NEW LEXICON, English and Greek, abridged firom 
his larger work (as above). Bev^wd Edition. Square 12mo. Ss. Qd, 

A GREEK-ENGLISH LEXICON. Compiled by H. G. Liddbll, D.D. 
Dean of Christ Church, and R. Scott, D.D. Master of Balliol. Fifth Edition. 
Crown 4to. Sis. 6d. 

A Lexicon, Greek and English, abridged from Liddell and Scott's 
Oreeh-EngUsh Lexicon, Eleventh Edition. Square 12mo. 7s, 9d, 



6 NBW WOSKS F17BLI8HED BT LOKGMAKS AITD CO. 

A SAV8KSIT-EH0LISH DIGTIOKABY, the Sanskrit irords printed 
both in the original Bevanagari and in Roman letters. Compiled by T. 
Bb9PBY» Prof, in the Univ. or Gdttingen. Svo. 62s. QcL 

A PKACnCAL SICnOKABY of the FBENCH and ENGLISH LAK- 

6UAGES. By L. CovTAiTBBAU. Thirteenth Edition. Post Svo. 10«. <kl. 

Contansean'i Pocket Dictionary, French and English, abridged from 
the above by the Author. New and Cheaper Edition, 18mo. 8«. <kl. 

HEW PBACnCAL DICTIOKABY of the GEBMAH lAKGTTAGE ; 

German-English and English-German. By the Bev. W. L. Bulcelet, H.A. 
and Dr. Casl Mabtiit Fbiedlavdeb. Cheaper Issue, post Svo. 7«. M, 



Miscellaneous Works and Popular Metaphysics. 

XESSOKS of MIDDLE AGE, with some'Accoant of varioas Cities and 
Men. By A. K. H. B. Author of ' The Becreations of a Country Parson.' 
Post Svo. 99. 

BECBEATIOirS of a COTJNTBY PABSOIT. By A. K. H. B. A New 

and carefully revised Edition of the Secoitd Seeies. Crown Svo. Ss. 6(2. 

The Common-place Philosopher in Town and Conntry. By the same 
Author. Crown Svo. Z». 6d. 

Leisure Hours in Town; Essays Consolatory, iBsthetical, Moral, 
Sodal, and Domestic. By the same Author. Crown Svo. 8«. 6cf . 

The Antnmn Holidays of a Country Parson; Essays contributed 
to Fraser'8 Magazine and to Qood Words, By the same. Crown Svo. 8«. 6d. 

The Graver Thoughts of a Country Parson. Second SBniss. By 

the same Author. Crown Svo. Zs. 6d. 

Critical Essays of a Country Parson. Selected from Essays con- 
tributed to Fraser'a Magazine, By the same Author. Crown Svo. Ss, 6d, 

Sunday Afternoons at the Parish Church of a Scottish University 
City. Sy the same Author. Crown Svo. Zs, 6d, 

SHOBT STUDIES on GBEAT SUBJECTS. By James Anthony 
Pboude, M. a. late Fellow of Exeter Coll. Oxford. Second Edition. Svo. 12«. 

STUDIES in PABLIAHENT. A Series of Sketches of Leading Poll- 
ticians. By £. H. Hutton. Crown Svo. 48. 9d. 

LOAD KACAULAY'S HISCELLAHEOUS WEITIKGS. 

LiBEABT Edition. 2 vols. Svo. Portrait, 21«. 
People's Edition. 1 voL crown Sva 48. M. 

The BEV. SYDNEY SMITH'S MISCELLANEOUS WOBKS ; includ- 
ing his Contributions to the Edinburgh Beview. 2 vols, crown Sva S«. 

Elementary Sketches of Moral Philosophy, delivered at the Boyal 
Institution. By the Rev. Sydney Sbcith, MJL. Fourth Edition. Fcp. to. 



NEW WORKS PUBLISHED BT LONGMANS Aim CO. 9 

The Wit and Wisdom of the Boy. Sydnej Smith: a Selection of 
the most memorable Passages in his Writings and Conyersation. 16mo. 68, 

EPIOBAMSi Ancient and Modern ; Humorous, Wittj, Satirical, Moral, 
and Panegyrical. Edited by Bev. JoHir Booth, B.A. Cambridge. Second 
Edition, revised and enlarged. Fcp. 78. M. 

Prom HATTEB to SPIBIT: the Result of Ten Years* Experience in 
Spirit Manifestations. By Sophia E. De Moboak. With a Pbepacb by 
her Husband, Professor De Mobgan. Post 8vo. 8«. 6d, 

The PEDIOBEE of the ENGLISH PEOPLE ; an Argument, His- 
torical uid Scientific, on the Ethnology of the English. By Thomas 
Nicholas, M.A. Ph.D. 8to. ld». 

The ENGLISH and THEIB OBIOIK : a Prologue to anthentic English 
History. By Luke Owsir Pikb, M.A. Barrister-at-Law. 8vo. 9«. 

ESSAYS selected from CONTBIBirTIONS to the Edinburgh Review, 
By Hbhby Bogebs. Second Edition. 3 vols. fcp. 21«. 

Beason and Paith, their Claims and Conflicts. By the same Author. 
New Edition, accompanied by several other Essays. Crown Svo. 68, M, 

The Eclipse of Faith ; or, a Visit to a Beligions Sceptic. By the 
same Author. Eleventh Edition. Fcp. 68, 

Defence of the EeUpse of Paith, by its Author ; a rejoinder to Dr. 
Newman's Bephf, Third Edition. Fcp. 8«. Qd. 

Selections from the Correspondence of B. E. H. Oreyson. By the 

same Author. Third Edition. Crown Svo. 78. M, 

OCCASIONAL ESSAYS. By Chandos Ween Hosktns, Author of 
' Talpa, or the Chronicles of a Clay Farm,' Ac, 16mo. 68. 6d. 

CHIPS from a OEBKAN WOBKSHOP ; being Essays on the Science 
of Beligion, and on Mythology, Traditions, and Customs. By Max 
Mt^LLEB, M.A. Fellow of All Souls College, Oxford. 2 voU, Svo. 21 «. 

An INTBODTJCTION to MENTAL PHILOSOPHY, on the Inductive 
Method. By. J. D. Mobell,M«A. LL.D. Svo. 128, 

Elements of Psychology, containing the Analysis of the Intellectual 
Powers. By the same Author. Post Svo. 78, 6d. 

The SECBET of HEOEL: being the Hegelian System in Origin, 
Principle, Form, and Matter. By J. H. Stiblibg. 2 vols. Svo. 288, 

The SENSES and the INTELLECT. By Alsxakdbr Bain, MJL. 

Professor of Logic in the University of Aberdeen. Second Edition. Svo. 168, 

The EMOTIONS and the WILL. By Alexander Bain, M.A. 
Professor of Logic in the University of Aberdeen. Second Edition. Svo. 16*. 

On the Study of Character, including an Estimate of Phrenology. 
By the same Author. Svo. 98, 

TIME and SPACE: a Metaphysical Essay. By Shadworth H. 
HODOSoir. Svo. price 16«. 

B 
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CHBISTIAK SCHOOLS and 8CH0LABS; or, Sketches of Edncation 
from the Christian Era to the Council of Trent. By the Author of * The 
Three Chancellors,* &c. 2 vols. 8vo. SO*. 

The WAY to BEST: Results from a Life-search after Religious Truth. 
By R. Vauohaw, D.D. Crown 8vo. 7«. 6d. 

The PHILOSOPHY of KSCESSITY ; or, Natural Law as applicable to 
Mental, Moral, and Social Science. By Chasi.es Beat. Second Edition. 
8vo. 9s. 

The Education of the Feelings and Affeotions. Bj the same Author. 
Third Edition. 8vo. S«. 6d, 

On Force, its Mental »nd Moral Correlates. By the same Author. 
8yo. M. 

The FOLK-LOBE of the NOBTHERIT GOTTITTIES of ENOLANB and 

the Borders. By William Hewdeesox. With an Appendix on House- 
hold Stories by the Ecv. S. Baring-Gould, M.A. Post 8vo. 9s. Gd. 



Astronomy^ Meteorology^ Popular Geography^ &c. 

OTTTLIHES of ASTBONOMY. By Sir J. F. W. Hbrschel, Bart. 
M.A. Ninth Edition, rerised ; with Plates and Woodcuts. 8vo. 189. 

8ATUBK and its SYSTEM. By Richard A. Proctor, B.A. late 

Scholar of St John's Coll. Camb. 8vo. with 14 Plates, 149. 

Handbook of the Stars. By the same Author. With 8 Maps. Square 
fcp. 59. 

CELESTIAL OBJECTS for COMMON TELESCOPES. By the Ber. 
T. W. Wbbb, MJL P.BJLS. Ileyised Edition. [Nearly ready. 

DOVE'S LAW of STOBMS, considered in connection with the Ordinary- 
Movements of the Atmosphere. Translated by B. H. Scott, M.A. T.CJ>. 
8yo. 109. 6(2. 

PHYSICAL GEOOBAPHY for SCHOOLS and GENEBAL BEABEBS. 
By M. F. Matjrt, LL.D. Fcp. with 2 Charts, 29. 6(1. 

M'CITLLOCH'S DICTIOKABY, Geographical, Statistical, and Historical, 
of the various Countries, Places, and Principal Natural Objects in the World. 
New Edition, with the Statistical Information brought up to the latest 
returns by F. Mabtiit. 4 toIs. 8vo. with coloured Maps, £4 49. 

ft 

A GENEBAL SICTIONABY of GEOGBAPHY, Descriptive, Physical, 
Statistical, and Historical : forming a complete Gaisetteer of the World. By 
A. Keith Johitstoit, LL.D. F.B.G.S. Eevised to July 1867. 8vo. 31«. Gd. 

A MANUAL of GEOGBAPHY, Physical, Industrial, and Political. 
By W. Hughes. F.B.G.S. With 6 Maps. rcp.79.6d. 

The STATES of the BIVEB PLATE : their Industries and Commerce. 
By Wilfrid Latham, Buenos Ayres. Second Edition, revised. 8vo. 12*. 
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HAWAII ) the Past, Present, and Fatare of its Island-Kingdom : an 
Historical Account of tfae Sandwich Islands. By Manley Hopkins, 
Second Edition, with Portrait, Map, &c. Post Svo. 128, 6d. 

XAUHBEE'S TSEASXTBT of OEOOSAPHT, Physical, Historical, 
Besoriptiye, and Political. Edited by VT. HuosBS, P.R.G.S. With 7 Haps 
and 16 Plates. Pop. 10«. ed. 



Natural History and Popular Science. 

ELEMENTABT TREATISE on PHTSIGS, Experimental and Applied. 
Translated and edited trom Ganot's EUments de Physique (with the Au- 
thor's sanction) by £. Atjcinsos*, Ph. D. P.C.S. ]New Edition, revised 
and enlarged ; with a Coloured Plate and 620 Woodcuts. Post 8vo. 16#. 

The ELEHENTS of PHTSICS or KATimAL PEILOSOPEY. By 

Neil Abvott, M.D. P.R.S. Physician Extraordinary to the Queen. Sixth 
Edition, rewritten and completed. Two Parts, 8to. 21«. 

SOITND: a Course of Eight Lectures delivered at the Royal Institntion 
of Great Britain. By Jows Tykdaix, LL.D. P.R.S. Crown 8vo. with 
Portrait of M. CMadni and 169 Woodcuts, x>rice 9«. 

HEAT C0N8IBEBEB as a HOSE of HOTION. By Professor John 
Ttkdaxl. LL.D. P.R.S. Third Edition. Crown Svo. with Woodcuts. 10«. M. 

"LLQiBT : Its Influence on life and Health. By Forbbs Winblow, 
H.D. D.C.L. Oxon. (Hon.). Fcp. 8vo. 6f. 

An ESSAT on DEW, and several Appearances connected with it. 
By W. C. WBI.L8. Edited, with Annotations, by L. P. Casella, F.K.A.S. 
and an Appendix by S. Stbachav. F.M.S. 8vo. 69. 

BOCKS CLASSIFIED and DESCBIBED. By Bernhabd Von Cotta. 
An English Edition, b^ P. H. Lawbbvgb (with English, German, and 
French Synonymes), revised by the Author. Post 8vo. 14». 

A TREATISE on ELECTRICITY, in Theory and Practice. By A. 
Db la Rivb. Prof, in the Academy of (Geneva. Translated by C. Y. Walsbb, 
P JLS. 8 vols. 8vo. with Woodcuts, £8 18<. 

The CORRELATION of PHTSICAL FORCES. By W. B. Gboyb, 
<^.0. y.P.R.S. Fifth Edition, revised, and followed by a Discourse on Con- 
tinuity. 8vo. 10«. 6<l. The jDiscowrte on Continuity^ separately, 2«. M, 

MANTTAL of GEOLOGY. By S. HAuaBTON, M.D. F.R.S. Revised 
Edition, with 66 Woodcuts. Fcp. Is. 6d. 

A GiriDIB to GEOLOGY. By J. Phillhv, M.A. Professor of Gkology 
in the University of Oxford. Fifth Edition, with Plates. Fcp.4«. 

A GLOSSARY of MINERALOGY: By H. W. BsiSTOW, F.G.S. of 
the Geological Survey of (jlreat Britain. With 486 Figures. Crown 8vo.6<. 

VAN DER HOEVEN'S HANDBOOK of ZOOLOGY. Translated from 
the Second Dutch Edition by the Rev. W. Clabk, HJ). F.R.B. 8 vols. 8vo. 
with 24 Plates of Figures, 60«. 
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ProfeMor OWEFB LSCTUSSS on the GOXPABATIVE AHATOMT 

and Physiology of the Invertebrate Animals. Second Edition, .with 235 
Woodcuts. Svo. 21«. 

The GOXPASATiyE AHATOKT and PHT8I0L0OY of the VEBTE- 
brato Animals. By Bichasd OwBir» T<B^. D.C.L. 3 yols. Svo. with 
above 1,200 Woodcuts. Vols. L and II. price 21«. each. Tol. III. just ready. 

The FIB8T XAV and HIS PLACE in CEEATION, considered on 
the Principles of Common Smse fix)m a Christian Point of Tiew, By 
GSOKOB MooBB, M.D. Post Svo. Ss. 6d. 

The PBimTITX IVHABITANTB of SCAKBIKAVIA: an Essay on 

Comparative Ethnography, and a Contribution to the History of the Develop- 
ment of Mankind. Contetuing a description of the Implements, Dwellings, 
Tombs, and Mode of Living of the Savages in the North of Europe during 
the Stone Age. By Sybit Nilsson. Translated firom the Third Edition ; 
with an Introduction by Sii* J. Lfbbock. Svo. with Plates, lyearly read^. 

The LAKE BWELLIKG8 of 8WITZEBLANB and other parts of 
Europe. By Dr. P. Kbllbb. Translated and arranged by J. E. Leb, P.S.A. 
P.G.S. With Woodcuta and nearly 100 Plates of Figures. Boyal Svo. 8U,6d, 

BIBLE AHI1IAL8 ; being an Account of the various Birds, Beasts, 
Fishi^s. and other Animals mentioned in the Holy Scriptures. By the Bev. 
J. G. Wood, M Jl. PX.S. Copiously illustrated with Original Designs, made 
under the Author^s superintendence and engraved on Wood. In course of 
publication monthly, to be completed in 20 Parts, price It, oach, forming 
One Volume, uniform with ' Homes without Hands.' 

HOXEB WITHOUT HAKBB : a Description of the Habitations of 
Aninuds, classed according to thdr Principle of Construction. Br Bev. J. 
G. Wood, UJl, P.L.S. With about 140 Vignettes on Wood (20 ftOl size of 
page). Second Edition. Svo.21«. 

XABUAL of C0BAL8 and SEA JELLIES. By J. R. Grebkv, B.A. 
Edited by the Bev. J. A. Galbbaith, MJI. and the Bev. S. HAUGHTOir, 
MJ). Pep. with 39 Woodcuts, 6«. 

Xannal of Sponges and Animalcnlae ; with a General Introdaction 
on the Principles of Zoology. By the same Author and Editors. Pep. with 
16 Woodcuts, 2t. 

Xannal of the Xetalloids. By J. Apjohk, M.D. E.B.S. and the 
same Editors. Bevised Edition. Pep. with 88 Woodcuts, 7s. 6d. 

The EABXONIES of NATUBE and TJNITT of GBEATION. By Dr. 
Gbobgb Habtwio. Svo. with numerous Illustrations, ISs. 

The Sea and its Living Wonders. By the same Author. Third 
(BngUsh) Edition. Svo. with many Hlustrations, 21«. 

The Tropical World. By the same Author. With 8 Chromoxylo- 
graphs and 172 Woodcuts. Svo. 2l«. 

The POLAB WOBLD ; a Popular Account of Nature and Man in the 

Arctic and Antarctic Begions By the same Author. Svo. with numerous 
Hlustratious. INearly ready. 

A PAMILIAB HISTOBY of BIEDS By E. Stanley, D.D. F.R.S. 
late Lord Bishop of Norwich. Seventh Edition, with Woodcuts. Pep. 3«. 6d. 
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CETLOK. By Sir J. Emerson Tennbnt, K.C.S. LL.D. Fifth Edition; 
with Maps, &c. and 90 Wood Engravings. 2 vols. 8vo. £'i 10«. 

The Wild Elephant, its Structure and Habits, with the Method of 
Taking and Training it in Ceylon. By the same Author. Pep. 8vo. with 
22 Woodcuts, 38. Qd, 

KEUY and BFENGE'S INTBODITCTIOir to ENTOMOLOGY, or 

Elements of the Natural History of Lisects. 7th Edition. Crowu 8vo. Ss. 

HAUNDEB'8 TBEASUBY of NATURAL HISTOBY, or Popular 
Dictionary of Zoology. Revised and corrected by T. S. Cobbold, MJ) 
7cp. with 900 Woodcuts, lOtf. 

The TREASURY of BOTANY, or Popular Dictionarj of the Vegetable 
Kingdom ; including a Glossary of Botanical Terms. Edited by J, Liitdlet, 
7.R.S. and T. Moobe, F.L.8. assisted by eminent Contributors. Pp. 1,274, 
with 274 Woodcuts and 20 Steel Plates. 2 Parts, fcp. 20«. 

The ELEMENTS of BOTANY for FAMILIES and SCHOOLS. 

Tenth Edition, revised by Thomas Moobe, F.L.S. Fcp. with 164 Wood- 
cuts, 2«. 6(2. 

The BOSE AMATEUB'S GUIDE. By Thomas Rivebs. Twelfth 
Bdition. Fop. 49. ', 

The BBITISH FLOBA; comprising the Phenogamons or Flowering 
Plants and the Ferns. By Sir W. J. Hookeb, K.H. and G. A. Walkbb- 
Abnott, LL.D. 12mo. with 12 Plates. 14a, or coloured. 219. 

LOUDON'S ENCYCLOPEDIA of PLANTS; comprising the Specific 
Character, Description, Culture, Histoiy, &c. of all the Plants found in 
Great Britain. With upwards of 12,000 Woodcuts. 8vo.42«. 

London's Encyclopsedia of Trees and Shrubs ; containing the Hardy 
Trees and Shrubs of Great Britain scientifically and popularly described. 
With 2,000 Woodcuts. 8vo. 609. 

MAUNDEB'S SCIENTIFIC and LITEBABY TBEASUBY. New 

Edition, thoroughly revised and in great part re-written, with above^ 1,000 
new Articles, by J. T. Johnson, Corr. M.Z.S. Fcp. 109. 6d, 

A DICTIONABY of SCIENCE, LITEBATUBE, and ABT. Fourth 
Edition, re-edited by W. T. Bbande (the Author), and Geobqe W. Cox, MJ^.. 
assisted by contributors of eminent Scientific and Literary Acquirements. 
3 vols, medium 8vo. price 639. cloth. 

ESSAYS from the EDINBUBGH and QUABTEBLY BEVIEWS. 
By Sir J. F. W. Hebschel, Bart. MJL 8vo. 189. 



Chemistry, Medicine, Surgery, and the 

Allied Sciences. 

A DICTIONABY of CHEMISTBY and the Allied Branches of other 
Sciences : founded on that of the late Dr. Ure. By Henby Watts, F.CS. 
assisted by eminent Contributors. 6 vols, medium 8vo. in course of publica- 
tion in Part*. Vol. 1. 319. 6cf. Vol. II. 269. Vql. III. 31 9. 6d. Vol. IV. 249. are 
now ready 
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SLEXSKT8 of CHEMISTBY, Theoretical and Practical By William 
A. MiLLKE, M.D. LL.D. F.R.8. F.G.S. Prof, of Chemistry, King's Coll. 
London. Svols. 8vo. £3. Pabt I. Chemical Fhybics, I5a. Va&t II. 
IsonQAjnc Ohbhistby, iis, Faut III. Obgakio Chemistbt, 24s. 

A lEAinTAL of CHEMISTBT, Descriptive and Theoretical. By 
WiLiJAM ODLiifO, M.B. 7J(..S. Pabt 1. 8vo. 9c. Pabt II. just ready, 

A Gonrie of Practical Ghemiitry, for the use of Medical Stadents. 
By the same Author. New Edition, with 70 Woodcuts. Crown 8to. 7«. 6d. 

Leetnrei on Animal Cliemiitry, delivered at theBoyal College of Phy- 
sicians in 1865. By the same Author. Crown 8vo. 49. 6cf. 

HANDBOOK of CHEMICAL ANALYSIS, adapted to the XJNiTARr 
System of Notation. By P. T. Conihgton, M.A. P.C.S. Post 8vo. 7». 6d. 
— ConinoTON's Tables qj Qualitative Analysis, price is, 6d, 

The DIAGNOSIS, PATHOLOGY, and TBEATMENT of DISEASES 

of Women; including the Diagnosis of Pregnancy. By Gbailt Hewitt, 
H.D. Second Edition, enlarged ; with 116 Woodcut Illustrations. Svo. 24». 

LSCTTTBES on the DISEASES of INFANCY and CHILDHOOD. By 
Chables West, M.D. &o. Fifth Edition, revised and enlarged. 8vo. Ite. 

EXPOSITION of the SIGNS and SYMPTOMS of PBEGNANCY : 
with other Papers on subjects connected with Midwifery. By W. P. 
Moktoomeby, MJL M.D. M.R.I.A. 8vo.with Illustrations, 26«. 

A SYSTEM of STTBGEBY, Theoretical and Practical. In Treatises 
by Tarious Authors. Edited by T. Holmes, M.A. Cantab. Assistant-SiUKeon 
to St. George's Hospital. 4vors. 8vo. £413«. 

Vol. I. General Patholognr* 21«. 

Vol. II. Local Injuries: Gunshot Wounds, Injuries of the Head, 
Back, Pace, Neck, Chest, Abdomen, Pelvis, of the Upper and Lower Ex- 
tremities, and Diseases of the Eye. 21s, 

Vol. III. Operative Surgery. Diseases of the Organs of Circula- 
tien. Locomotion, &c. 21s, 

Vol. 17. Diseases of the Organs of Digestion, of the Genito- 
urinary System, and of the Breast, Thyroid Gland, and Skin; with 
Appendix and Genebal Ib^dex. SOtf. 

LECTURES on the PBINGIPLES and PRACTICE of PHYSIC. By 

Thomas Watsoit, M J). New Edition in preparation. 

LECTURES on SURGICAL PATHOLOGY. By J. Paget, F.R.S. 
Edited by W. Tubiteb, M3. New Edition in preparation. 

A TREATISE on the CONTINUED FEVERS of GREAT BRITAIN. 

By C. MuBCHisoN, M J). 8vo. with coloured Plates, 18«. 

ANATOMY, DESCRIPTIVE and SURGICAL. By Henrt Ghat, 
P.R.8. With 410 Wood Engravings from Dissections. Fourth Edition, by 
T. Holmes. M.A. Cantab. Royal 8vo. 2S8, 

OUTLINES of PHYSIOLOGY, Human and Comparative. By Johx 
Marshall, F.R.C.8. Surgeon to the University College Hospital 2 vols, 
crown Svo. with 122 Woodcuts, 82*. 

The CYCLOPAEDIA of ANATOMY and PHYSIOLOGY. Edited by , 
the late R. B. Todd, M.D. P.R.8. 5 vols. 8vo. with 2,86S Woodcuts, £6 6«. i| 
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FHT8I0L0GIGAL AHATOMT and PHTSIOLOOY of XAV. Bj the 

lata B.. B. Todd, M.D. P.R.8. and W. Bowmak, F-ILS. of King's College. 
With numerous Illustrations. Vol. II. 8vo. 26*. 

Vol. I. New Edition ^ Dr. Lionel S. Beale, P.R.S. in course of publi- 
cation ; Fast I. with 8 Plates, 7s. 6d. 

HISTOLOeiGAL DEUONSTSATIONS ; a Guide to the Microscopical 
Examination of the Animal Tissues in Health and Disease, for the use of 
the Medical and Veterinary Professions. By G. Haelbt, M J), and G. T. 
Bbowh, M JUC.V.S. Post Svo. with 228 Woodcuts, price 12*. 

COPLAND'S BICnONABY of FEACTICAL MEDICINE, abridged 
firom the lar^r work and throughout brought down to the present State 
of Mediod Science. Sto. 86*. 

The WOBKS of SIB B. C. BBOBIE, Bart, collected and arranged 
b^ Chableb Hawkins, P.R.C.S.E. 3 vols. Sto. with Medallion and Pac- 
simile, 48*. 

The TOXICOLOOISrS OITIDE : a New Manual on Poisons, giving the 
Best Methods to be pursued for the Detection of Poisons (post-mortem or 
otherwise). By Johx Hobslbt, P.CS. Analytical Chemist. Post Svo. 3*. 6d. 

A KAHTTAL of MATEBIA MEDICA and THEBAPEITTICS, abridged 
from Dr. Pebeiba'b Mementsby'F.J. Fabbe, M.D. assisted by B. Bj^tlet, 
M.B..C.S. and by R. WABiirGioif, P.B.S. Svo. with 90 Woodcuts, 21*. 

THOMSON'S GONSPECTITS of the BBITISH PHABMACOP(EIA, 

Corrected by B. Llotd Bibkbtt, M J). ISmo. price 5*. 6d. 

MANUAL of the DOMESTIC PBACTICE of MEDICINE. By W. B 
Kesteyeit, P.B.C.S.E. Third Edition, revised, with Additions. Fcp. 5*. 

GYMNASTS and GYMNASTICS. By John H. Howard, late Pro- 
fessor of Gymnastics, Comm. Coll, Bipponden. Second Edition, revised 
and enlarged, with 135 Woodcuts. Crown Svo. 10*. 6d. 



The Fine Arts, and Illustrated Editions. 

HALF-HOITB LECTTTBES on the HISTOBY and PBACTICE of the 
Pine and Ornamental Arts. By William B. Scott. New Edition, revised 
by the Author ; with 50 Woodcuts. Crown Svo. 8*. 6d, 

An INTBODITCTION to the STUDY of NATIONAL MUSIC ; com- 
prising Researches into Popular Songs, Traditions, and Customs. By Carl 
MsqbJh With numerous Musical Specimens. Svo. 16*. 

LEGTUBES on the HISTOBY of MODEBN MUSIC, delivered at the 
Boyal Institution. By Johx Hullah. Pibst Cotjese, with Chro- 
nological Tables, post Svo. 6*. 6d, Secoitd Coubse, on the Transition 
Period, with 40 Specimens, Svo. 16*. 

SIX LECTUBES on HABMONY, delivered at the Koyal Institution 
of Great Britain before Easter 1867. ByG. A. Macvabben. With nume- 
rous engraved Musical Examples and Specimens. Svo. 10*. 6d, 
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The CHOEALE BOOK for ENGLAND: the Hymns translated by 
Miss C. WiNEWOBTH { the tunes arranged by Prof. W. 8. Bekitbtt and 
Otto GoLDBCHMiDT. Fcp.4to.l2«.6(i. « 

Congregational Edition. Fcp. 2«. 

BACEEB MUSIC for FAMILY USE; a Selection of Pieces for One, 
Two, or more Voices, from the best Composers, Foreign and English. 
Edited by JoHK Huulih. 1 vol. music folio, price 21«. 

The NEW TESTAMENT, illustrated with Wood Engravings after the 
Early Masters, chiefly of the Italian SchooL Crown 4to.63«. cloth, gilt top ; 
or £5 68. elegantly bound in morocco. 

LTEA GEEMANICA ; the Christian Year. Translated by Catherine 
WnrEWOETH; with 126j Illustrations on Wood drawn by J. Leighxon, 
'FAJl. 4to.21«. 

LTEA GEEMANICA ; the Christian Life. Translated by Catherine 
WiNKWOBTH ; With about 200 Woodcut Illustrations by J. Leighton, P.SJI. 
and other Artists. 4to. 21«. 

The LITE of MAN 8YMB0LISEB by the MONTHS of the YEAE. 

Text selected by B. Pigot ; Illustrations on Wood from Original Designs by 
J, Leightov, F.S.A. 4to. 42s, 

CATS' and FAELIE'S MOEAL EMBLEMS ; with Aphorisms, Adages, 
and Proverbs of all Nations. 121 Illustrations on Wood by J. Leighton, 
P.S.A. Text selected by &. Pigot. Imperial 8vo. Sl«. 6d, 

SHAKSFEAEE'S SENTIMENTS and SIMILES, printed in Black and 
Gold, and Illuminated in the Missal Style by Henry Noel Huau^hrets. 
Square post 8vo. 21«. 

BACEEB and LEGENBAET AET. By Mrs. Jameson. 

Legends of the Saints and Martyrs. Fifth Edition, with 19 
Etchings and 187 Woodcuts. 2 vols, square crown 8vo. 81«. 6d. 

Legends of the Monastic Orders. Third Edition, with 11 Etchings 
and 88 Woodcuts. 1 vol. square crown 8vo. 21«. 

Legends of the Madonna. Third Edition, with 27 Etchings and 165 

Woodcuts. 1 vol. square crown 8vo. 21«. 
The History of Onr Lord, with that of his Types and Frecnrsors. 

Completed by Lady Eastlake. Bevised Edition, with 31 Etchings and 

281 Woodcuts. 2 vols, square crown 8vo. 42«. 
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BEAWING from NATITEE. By George Barnard, Professor of 
Drawing at Eugby School. With 18 Lithographic Plates, and 108 Wood 
Engravings. Imperial 8vo. price 26». Or in Three Parts, royal 8vo. Part I. 
Trees and FoUoffe, 78. M. Part II. Fdreground Studies, 78, 6d. Part III. 
Tour in Switzerland and the Pyrenees, 78. Qd, 

QiWLLTS ENCYCL0F2BIA of AECHITECTTrEE, with above 1,100 
Engravings on Wood. Pifth Edition, revised and enlargpd by Wtatt 
Pafworth. Additionally illustrated with nearly 400 Wood Engravings by 
O. Jewitt, and more than 100 other new Woodcuts. 8vo. 62». 6d. 
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TU8GAH SCULPTOBB, their Lives, Works, and Times. With 45 
Etchings and 28 Woodcuts from Original Drawings and Photographs. By 
Charles C. Pebkivs. 2 vols, imperial 8vo. 63«. 

OBIGIK AL BESI0N8 for W00D.CABVINO, with PEAGTIGAL IN- 

struciioiis in the Art. By A. F. B. With 20 Plates of Illustrations engraved 
on Wood. 4to.l8«. 

HIKT8 on H0U8EH0LI) TASTE in FXTBNITTJBE and DEGOBATION. 

By Chablbs L. Eastlake, Architect. With numerous Illustrations 
engraved on Wood. [Nearly ready. 

The EKGINEEB'S HANDBOOK; explaining the Principles which 
should guide the Young Engineer in the Construction of Machinery. By 
C. 8. LowiTDES. Post 8vo. 68. 

The ELEMENTS of HEGHANISM. By T. M. Goodeve, M.A. 
Professor of Mechanics at the B. M. Acad. Woolwich. Second Edition, 
with 217 Woodcuts. Post 8vo. 6^. M. 

ITBE'S BIGTIONABT of ABTS, HANITFACTUBES, and XINES. 

Sixth Edition, chiefly rewritten and greatly enlarged by Bobebt Hfnt, 
P.B.S. assisted by numerous Contributors eminent in Science and the Arts, 
and familiar with Mannfactures. With above 2,000 Woodcuts. 8 vols, me- 
dium 8vo. price £4 148. 6d. 

ENGYGLOPiBBIA of GIVIL ENOINEEBINO, Historical, Theoretical, 
andPracticaL By E. Cbesy, C.E. With above 3,000 Woodcuts. 8to.42s. 

TBEATISE on MILLS and HILLWOBK. B7 W. Fairbairn, C.E. 
Second Edition, with 18 Plates and 322 Woodcuts. 2 vols. 8vo. S28. 

TTsefnl Information for Engineers. B7 the same Author. First, 
Secoitd, and Third Series, with many Plates and Woodcuts. 3 vols, 
crown 8vo. 108. 6£f. each. 

The Application of Gast and Wrought Iron to Building Purposes. 
By the same Author. Third Edition, with 6 Plates and 118 Woodcuts. 8 vo. 168. 

IBON SHIP BITILDINO, its History and Progress, as comprised in a 
Series of Experimental Besearches. By the same Author. With 4 Plates and 
180 Woodcuts. 8VO.I88. 

A TBEATISE on the STEAM ENGINE, in its yarious Applications 
to Mines, Mills, Steam Navigation. Bailways and Agriculture. By J. Bourite, 
C.E. New Edition ; with 37 Plates and 646 Woodfcuts. 4to. 428. 

Gatechism of the Steam Engine, in its various Applications to 
Mines, Mills, Steam Navigation, Railways, and Agriculture. By the same 
Author. With 199 Woodcuts. Fcp. 68. 

Handbook of the Steam Engine. By the same Anthor, forming a 
Key to the Catechism of the Steam Engine, with 67 Woodcuts. Pep. 98. 

A TBEATISE on the SGBEW PBOPELLEB, SGBEW VESSELS, and 

Screw Engines, as adapted for purposes of Peace and War ; with Notices 
of other Methods of Propulsion. Tables of the Dimensions and Performance 
of Screw Steamers, and detailed Specifications of Ships and Engines. By 
J. BouRiTE, C.E. 3rd Edition, with 64 Plates and 287 Woodcuts. 4to. 638. 

A HI8T0BT of the MAGHINE-WBOITGHT HOSIEBY and LAGE 

Manufactures. By William Fblkin, F.L.S. F.S.S. Royal 8vo. 21s 

c 
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XJUrUAL of PRACTICAL A8SATING, for the use of Metallurgists, 
Captains of Mines, and Assayers in general. By John Mitchejll, F.CS. 
Becond Edition, with 360 Woodcuts. 8vo. 21«. 

The ABT of PEBFTJXEBT ; the History and Theory of Odours, and 
the Methods of Extracting the Aromas of Plants. By Dr. Piessb, F.CS. 
Third Edition, with 53 Woodcuts. Grown 8vo. 10s. M, 

Chemical, Katnral, and Physical Magic, for Juveniles during the 
Holidays. By the same Author. Third Edition, with 38 Woodcuts. Pep. 6«. 

LOUBOirS EKCTCLOPADIA of AOBICTJLTTJBE : comprising the 
La^ng-out, Improvement, and Management of Landed Property, and the 
Cultivation and Economy of the Productions of Agriculture. With 1,100 
Woodcuts. 8vo. 31«. 6d, 

Loudon's Encylopsedia of Gardening: comprising the Theory and 
Practice of Horticiilture, Floriculture, Arboriculture, and .Landscape Gar- 
dening. With 1,000 Woodcuts. 6yo.Sl».ed, 

London's Encydopiedia of Cottage, Farm, and Villa Architecture 
and Furniture. With more than 2,000 Woodcuts. 8vo. 42«. 

BAYLDON'S AST of YALTTING BENTS and TILLAGES, and Claims 
of Tenants upon Quitting Farms, both at Michaelmas and lAdj-Baj. 
Eighth Edition, revised by J. C. Mobton. 8vo. 10«. Qd, 



Religious and Moral Works. 

An EXPOSITION of the 89 ABTICLES, Historical and Doctrinal. 
By E. Habold Bbowhe, D.D. Lord Bishop of Ely. Seventh Edit. 8vo. 16«. 

The ACTS of the APOSTLES ; with a Commentary, and Practical and 
Devotional Suggestions for Readers and Students of the English Bible. By 
the Rev. F. C. Cook, M.A. Canon of Exeter, &c New Edition. 8vo. 12s. %d. 

The LIFE and EPISTLES of ST. PAUL. By W. J. Comtbeabe, 
M.A. late Fellow of Trin. CoU.Cantab. and the Very Rev. J. S. Howsoir, D.D. 
Dean of Chester. 

LiBBABT Edition, with all the Original Illustrations, Maps, Landscapes 
on Steel, Woodcuts, &c. 2 vols. 4to. 4&8. 

IifTEBMEDiATB EDITION, with a Selection of Maps, Plates, aud Woodcuts. 
2 vols, square crown 8vo. 31«. 6c{. 

People's Edition, revised and condensed, with 46 Illustrations and 
Maps. 2 vols, crown 8vo. 12«. 

The VOTAGE and SHIPWBECK of ST. PAUL; with Dissertations 

on the Life and Writinp^s of St. Luke arid the Ships and Navigation of the 
Ancients. By James Smith, F.R.S. Third Edition. Crown 8vo. Via. Gd. 

EVIDENCE of the TBXTTH of the CHBISTIAN BELIGION derived 
ft-ou) the Literal Fulfilment of Prophecy. By Alexandeb Ebith, D.D. 
37th Edition, with numerous Plates, in square Svo. 128. (id. ; also the S9tli 
Edition, in post Svo. with 6 Plates, Qa. 

The HISTOBT and DESTINY of the WOBLB and of the CHUBCH. 

according to Scripture. By the same Author. Square Svo. with 40 
Illustrations, IQa. 
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A CBITICAL and 0EAHMATIGAL COHHENTABY on ST. PAUL'S 

Epistles. By C.J. Ellicott, D.D. Lord Bishop of Gloucester and Bristol. 8vo. 

Galatiani, Third Edition, 8«. 6d, 

Epheiians, Fourth Edition, 8«. 6d. 

Pastoral Epistles, Third Edition, 10^. ed. 

Philipplans, Colossians, and Philemon, Third Edition, lOs, 6d, 

Thessalonians, Third Edition, 7s. ed. 

Historical Lectures on the Life of our Lord Jesus Christ : being the 
Hulsean Lectures for 1859. By the same Author. Fourth Edition. Sro. 
price 10«. 6d, 

An INTROBUGTION to the BTUBY of the NEW TESTAMENT, 

Critical, Exegetical, and Theolo^cal. By the Bev. S. Davidson, D.D. 
LL.D 2 vote. ^vo. [Z» the press. 

Key. T. H. HOBNE'S INTBODUCTION to the CBITICAL STITDT 

and Knowledge of the Holy Scriptures. Eleventh Edition, corrected and 
extended under careful Editorial revision. With 4 Maps and 22 Woodcuts 
and Facsimiles. 4 vols. 8vo. £S 13tf. 6d. 

Hev. T. H. Home's Compendious Introduction to the Study of the 
Bible, being an Analysis of the lar^r work by the same Author. Be-edited 
by the Bev. John Ayee, M.A. With Maps, Ac Post 8vo. 9s, 

SWALD'S HISTOBY of ISBAEL to the DEATH of HOSES. Trans- 
lated from the German. Edited, with a Preface, by Bussell Mabtinsaxt, 
M.A. Prof, of Hebrew in Manchester New Coll. Loudon. 8vo. 18tf. 

The TBEAStJBY of BIBLE KNOWLEDGE ; being & Dictionary of the 
Books, Persons, Places, Events, and other matters of which mention is made 
in Holy Scripture. By Bev. J. Ayee, M.A. With Maps, 16 Plates, and 
numerous Woodcuts, rep. lOs. 6d. 

"nie LIFE and BEION of DAVID KINO of ISBAEL. By George 
Smith, LLD. P.A.S. Crown 8vo. 7«. 6d, 

The OBEEK TESTAMENT ; with Notes, Grammatical and Exegetical. 
By the Bev. W. Websteb, M.A. and the Bev. W. P. Wilkinson, MJL. 
2 vols. 8vo. £2 49. 

Vol. I. the Gospels and Acts, 20«. 

Vol. II. the Epistles and Apocalypse, 249. 

BVEEY-DAY SCBIFTITBE DIFFIGITLTIES explained and illnstrated. 
By J. E. Pbbscott, M.A. Vol.L Matthew and Mark\ Vol. II. Luke and 
John, 2 vols. 8vo. 9s, each. 

The PENTATEUCH and BOOK Of JOSHTTACBITICALLYEXAMINED. 

By the Bight Bev. J. W. Coleitso, D.D. Lord Bishop of Natal. People's 
Edition, in 1 vol. crown 8vo. %s. or in 5 Parts, Is. each. 

The CHXTBGH and the WOBLD : Essays on Questions of the Day. 
By Various Writers. Edited by the Bev. Orbt Shipley, M.A. Pibst 
Sebies, Third Edition, 8vo. 155. Second Sebies, 8vo. 15«. Thied Seeies 
preparing for publication. 
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TSACT8 for tlie BAY ; a Series of Es sajs on Theological Subjects. 
r.j ▼arioiu Aatbora. Edited by the Bev. Orbt Shiplbt, M JL L BriesUy 
Ajb9oUitUm Scriptural, 9d. IL Purgatory, 9cf. IIL Ths Seven Sacra- 
meiUs, U. M. iV. Miratdee and Prayer, 6d. Y. The Jteal Pretence, U. 9d. 
TL Casuistry, U. YII. Unction qf the Sick, 9d. VIIL The Rule qf Wor* 
aUp,9d, iX. Popular Batioualism,9d. 

The FOBMATIOK of CHSI8TSHB0H. Past L Bj T. W. Aixiss, 
8ro.l2ff. 

CHRXBTEHDOirS BIVIBIOKB, Part I., a Philosophical Sketch of 
the DiTisiODS of the Christian Family in Bast and West. By Edmuvb S. 
FvouLKXS. Poet 8vo. price 7s. 6d, 

Clhriftendom's DlTisions, Pabt II. Greeks and Latins, being a His- 
tory of their Dissensions and Overtures for Peace down to the Beformation. 
By the same Author. Post 8to. 15s. 

The HIDDEir WI8B0U of CHBIST and the KEY of XHOWLEDGE ; 
or. History of the Apocrypha. By EmntBT Db Buksen. 2 toIs. 8vo. 28«. 

The KEYS of ST. PETEB ; or, the House of Rechab, connected with 
the Hist' >ry of Symbolism and Idolatry. By the same Author. 8vo. 14*. 

XBBAT8 on BELIOIOK and UTEBATXrBE. Edited hj Archbishop 
ULlsvivq, D.D. Syo. IQs. 6<2. Secokd Sebibs, price lis. 

The TEXPOEAL MISSION of the HOLT OHOST; or. Reason and 
Bevelation. By Archbishop MABiriiro, DJ). Seoond.Edit. Cr.Syo. 8s.6<2. 

ENOLAKD and GHEISTENDOX. By the same Author. Post Svo. 
price 10s. 6d. 

ESSAYS and EEYIEWS. By the Rev. W. Templb, D.D. the Rev. 
B. Williams, B.D. the Bev. B. Powell, MJL. the B>ev. H. B. Wilson, 
B.D. 0. W. QooDWiN. M.A. the Bey. M. Pattisob, BJ). and the Bey. B. 
JowETT, M.A. Twelfth Bdition. Fcp.8yo.6f. 

The CATHOLIC BOCTBIHE of the ATONEMENT: an Historical 
Inquiry into ,its Deyelopmeut in the Church. By H. N. Oxebbam, MJl. 
8yo. 8«. Qd. 

PASSING THOTJOHTS on RELIGION. By Elizabeth M. Sswell, 

Author of * Amy Herbert.* New Edition. Fcp. 8yo. 6s. 

Self-Examination before Confirmation. By the same Author. 32mo. 
price l«. Qd. 

Readings for a Month Preparatory to Confirmation, from Writers 
of the Early and English Church. By the same Author. Pep. 4*. 

Readings for Every Bay in Lent, compiled from the Writings of 
Bishop Jebemt Tatlob. By the same Author. Fcp. 6s, 

Preparation for the Holy Communion; the Deyotions chiefly from 
the works of Jebemt Tatlob. By the same. 82mo. S«. 

PRINCIPLES of EBXTCATION Drawn from Nature and Revelation, 

and applied to Female Education in the Upper Classes. By the Author 
of Amy Herbert.* 2 yols. fcp. 12*. W. 
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^«^^E'S KAKITAL; or, Prayers, Thonghte, and Songg on Sereral 
Occasions of a Matron's Life. By the Bev. W. Galybbt, M.A. Crown 8to. 

' SPIErnrAL songs ' for tlie SUNBAY8 and H0LIBA78 tluougli. 
out the Tear. By J. S. B. Mon sell, LL J). Vicar of Bgham and Rural Dean. 
Sixth Thousand. Fcp.4».W. 

The Beatitudes : Abasement before God ; Sorrow for Sin ; Meekness 
of Spirit ; Desire for Holiness ; Gentleness ; Purity of Heart : the Peaoe- 
nuhkers ; SufTerings for Christ. By the same. Third Edition. Fcp. St. 6d. 

His PBEBENCE— not his HSH0B7, 1855. By the same Author, 
in Memory of his Son. Fifth Edition. 16mo. U. 

L7BA DOHESTIGA; Christian Songs for Domestic Edification. 
Translated from the Psaltery and Harp of C. J. P. Sfitta, and fh)m other 
sources, by Riohabd Massie. Fisst and Second Sesies, fcp. 4*. 6cf. each. 

liTBA SAGSA; Hymns, Ancient and Modem, Odes and Fragments 
of Sacred Poetry. Edited by the Rey. B. W. Sayile, MA. Third Edition, 
enlarged and improved. Fcp. 6«. 

ITBA GEBMAHIGA, translated from the German by Miss C. Wnnc- 

WOETH. FissT Sbbies, Hymns for the Sundays and Chief Festivals; 
Secohd Seeibs, the Christian Life. Fcp, S«. 6(2. each Sebies. 

ITBA EUCHABISTICA ; Hymns and Verses on the Holy Communion, 
Ancient and Modern : with other Poems. Edited by the R^. Osby Ship- 
ley, MA. Second Edition. Fcp. 7«. 6d. 

Z>yra Xessianica ; Hymns and Verses on the Life of Christ, Ancient 
and Modern ; with other Poems. By the same Editor. Second Edition, 
altered and enlarged. Fcp. 7«. 6(2. 

Lyra Xyitica ; Hymns and Verses on Sacred Subjects, Ancient and 
Modern. By the same Editor. Fcp. 7«. td. 

SNDEAV0ITR8 after the CHRISTIAN LIFE: Discourses. By 
James Mabtineau. Fourth and cheaper Edition, careftilly revised ; the 
Two Series complete in One Volume. Post 8vo. Is. M. 

WHATELTS Introductory Lessons on the Christian Evidences. 
18mo. 6(2. 

IKTBODITGTOBY LESSONS on the HISTORY of RELIOI0U8 

Worship; being a Sequel to thi; 'Lessons on Christian Evidences.' By 
RiCHABD Whatelt, D.D. Ncw Edition. 18mo. 2*. 6(i. 

MOSHEIK'S ECCLESIASTICAL HISTORY. Murdook and Soakes's 

Translation and Notes, re-edited by the Rev. W. Stfbbs, MA. 8 vols. 
8vo.45«. 

BISHOP JEREMY TAYLOR'S ENTIRE WORKS: With Life by 
Bishop Hebeb. Revised and corrected by the Rev. C. P. Edeit, 10 vols, 
price £6 6«. 
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Travels, Voyages, &c. 

The V0BTH-WE8T PENINSULA of ICELAND ; being the Joamal 
of a Tour in Iceland in the Summer of 1862. By 0. W. Shephsbd, M.A. 
P.ZJ3. With a Map and Two Illustralions. Pep. 8vo. la. Qd. 

PICTVBE8 in TTBOL and Elsewhere. From a Family Sketch-Book. 
'Bj the Authoreuof ' A Toj-age en Zigzag,' Ac. 4to. with numerous Blustra- 
tions, Us. 

H0W WB SPENT t|ie SVHKEB; or, a Voyage en Zigzag in Switzer- 
land and lyrol with tome Members of the Alpi vb Club. Prom the Sketch- 
Book of one of the Party. In oblong 4to. with 800 Illustrations, 16«. 

BEATEN TBAGKS; or, Pen and Pencil Sketches in Italy. By the 
Authoress of ' A Voyage en Zigzag.' With 42 Plates, containing about 200 
Sketches firom Drawings made on the Spot. Sto. 16«. 

XAP Of the CHAIN of HONT BLANC, from an aictnal Surrey in 
1868—1864. By A. Adamb-Beillt, F.B.O.S. M.A.G. Published under the 
Authority of the Alpine Club. In Chromolitbography on extra stout 
drawUig-paper 28in. x L7in. price 109. or mounted on canvaa in a folding 
case, ItM. 6a. 

HI8T0BT of DISCOYEBT in onr AUSTBALA8IAN COLONIES, 

Australia, Tasmania, and New Zealand, firom the Earliest Date to the 
Present Day. :E^ Williah Howitt. 2 vols. Svo. with 8 Maps, 20«. 

The CAPITAL of the TTCOON ; a Narrative of a Three Years* Besi- 
dence in Japan. By Sir Buthxbpord Alcock, K.G3. 2 vols. Svo. with 
numerous Dluttrations, 42«. 

PLOBENCE, the NEW CAPITAL of ITALY. ByCRWELD. With 
several Woodcuts firom Drawings by the Author. Post 8vo. Vis. 6d, 

The DOLOmTE UOITNTAINS ; Excursions through Tyrol, Carinthia, 
Oamiola, and Priuli, 1861-1863. By J. Oilbbst and G. C. Chxtschiu., 
F.B.6.S. With numerous Illustrations. Square crown Sto. 2U. 

A LADYS TOUB BOmfB MONTE BOSA; including Visitf to the 
Italian VaUeys. With Map and Illustrations. Poet Svo. 149. 

GUIDE to the PYBENEE8, for the nse of Monntaineera. By 
Chaslbs Packs. 2d Edition, withMap and Illustrations. Gr. 8vo. Is. 6d. 

The ALPINE eVIBE. By John Ball, M.B.I.A. late President of 

the Alpine Club. Post Svo. with Maps and other Illustrations. 

Gnide to the Eastern Alps, nearly rem. 



Guide to the Western Alps, including Mont Blanc, Monte Rosa, 
Zermatt, &c. Is, 6d, 

Gnide to the Oberland and all Switzerland, excepting the l^eighbonr- 
hood of Monte Bosa and the Great St. Benuurd ; with Lombardy and the 
adjoining portion of Tyrol. Is. 6d. 

NABBATIVES of SHIPWBECKS of the BOYAL NAVY between 1793 
and 1867, compiled firom Official Documents in the Admiralty by W. O. 8. 
'^ILLT; withaPreflicebyW.S.GiLLT, D.D. Third Edition. Pep. 6«. 
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The AECH of TITUS and the SPOILS of the TEMPLE ; an His- 
torical and Critical Lecture, with Authentic Illustrations. By WiulUlM 
AiriGHT, M.A. With 10 Woodcuts from Ancient Remains. 4to. 10*. 

A WEEK at the LAND'S EKD. By J. T. Blight ; assisted by E. 
H. RoDD, R. Q. Couch, and J. Ralits. With Map and 96 Woodcuts. Pc». 
Pnce 68, 6d. 

CTIBIOSITIES of LONDON; exhibiting the most Rare and Remarkable 
Objects of Interest in the Metropolis ; with nearly Sixty Years' Personal 
Recollections. By John Timbs, F.SA. New Edition, corrected and en- 
larged. 8vo. with Portrait, 21*. 

VISITS to REMARKABLE PLACES : Old Halls, Battle-Fields, and 
Scenes Illustrative of Striking Passages in English History and Poetry. 
By William Howitt. 2 vols, square crown 8vo. with Woodcuts, 26a, 

The RXTRAL LIFE of ENGLAND. By the same Author. With 
Woodcuts by Bewick and Williams. Medium 8vo. lis, ed. 

The ENGLISHMAN in INDLA. By Charlbs Raikbs, Esq. C.S.I. 
formerly Commissioner of Lahore. Post Svo. 79. 6d, 

The IRISH in AMERICA. By John Fbancis Maguirb, M.P. for 
Cork. Post 8vo. 125. 6d. 



Works of Fiction. 

The WARDEN: a Norel. By Anthony Tbollope. Crown 8vo. 2*. 6d. 

Barehester Towers : a Sequel to * The Warden.' By the same 
Author. Crown 8vo. Zs, 6d, 

SPRINGDALE ABBET: Extracts from the Letters of an English 
Pbbacheb. 8vo. 128, 

TALES and STORIES by Elizabeth M. Sewell, Author of ' Amy 
Herbert/ uniform Edition, each Story or Tale complete in a single Volume. 



Amy Hebbebt, 28,6d, 
Obbtbudb, 2». ed. 
Eabl's Dauohteb, 2ff. 6<2. 

EXPEBIENCE OP LiPB, 29. $d, 

Clbye Hall, Sa, 6d, 



IvoBS, Sa. 6d. 

Kathabine Ashton, Sa. 6d, 
Maboabet Pebciyal, 58. 
LaNKTON PABSONAaE, 4f . 6d. 

Ubs VLA, 4e. 6d, 



A Glimpse of the World. By the Author of < Amy Herbert' Fcp. 7«. Sd. 

The Journal of a Home Life. By the same Author. Post 8to. 9«. 6d. 

After Life ; a Sequel to * The Journal of a Home Life.' By the same 
Author. Post 8vo, \^N€arlp ready, 

BECKER'S GALLUS ; or, Roman Scenes of the Time of Augustus : 
with Notes and Excursuses. New Edition. Post 8vo. 7«. Qd. 

BECKER'S CHARICLES; a Tale illustradve of Private Life among the 
Ancient Greeks : with Notes and Excursuses. New Edition. Post Svo. 7a. ed. 
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NOVELS and TALES by 6. J. Whttb Mblyillb :— 

The 01adiatorf : A Tale of Borne and Judaea. Crown Syo. 5«. 

Bigby Grand, an Antobiographj. Crown Sto. Bt. 

Kate CoTentry, an Antobiographj. Crown Sro. 5ff. 

Ctoneral Bounce, or the Lady and the Locnsts. Crown Sro. 5s. 

Holmby Home, a Tale of Old Korthamptonshire. Crown 8?o. 5«. 

Good for Vothing, or All Down HilL Crown Syo. 6«. 

The Qneen'f Kariee, a Romance of Holyrood. Crown 8yo. 68. 

The Interpreter, a Tale of the War. Crown 8?o. 5«. 

THE SIX 8ISTEBS of the YALLETS : an Historical Romance. By 
W. Bramley-Moojie, M.A. Fourth Edition, with 14 Illustrations. Crown 
8yo. 6*. 

TALES from GREEK HTTHOLOGY. By George W. Cox, M.A. 

late Scholar of Trin. Coll. Ozon. Second Edition. Square 16mo. S«. M. 

Talea of the Gods and Heroes. By the same Author. Second 
Edition. 7cp.&». 

Tales of Thebes and Argos. By the same Author. Fcp. 4«.6({. 

A KAHUAL of MTTHOLOGT, in the form of Question and Answer. 
By the same Author. Pep. 3«. 



Poetry and The Drama. 

XOORE'B POETICAL WORKS, Cheapest Editions complete in 1 toI. 
including the Autobiofpraphical Prefaces and Author's last Notes. Crown 
Sto. ruby type, with Portrait, 68,: People's Edition, larger type, 12*. Gd, 

Moore's Poetical Works, as above. Library Edition, medium 8to. 
with Portrait and Vignette, 149. or in 10 vols. fop. 98. ed. each. 

HOORFS IRISH MELODIES, Maclise's Edition, with 161 Steel Plates 
trom Original Drawings. Super-royal 8vo. Bl8. Qd. 

Miniature Edition of Moore's Irish Melodies with Maclise's De- 
signs (as above) reduced in Lithography. Imp. 16mo. 108. 6d. 

MOORE'S LALLA ROOKH. Tenniel's Edition, with 68 Wood 
Engravings from original Drawings and other Illustrations. Pep. 4to. 21«. 

80UTHEY' S POETICAL WORKS, with the Author's last Corrections 
and copyright Additions. Library Edition, in 1 vol. medium Svo. with 
Portrait and Vignette, 149. or in 10 vols. fcp. S8. Qd. each. 

LAYS of AKGIEVT ROME ; with Iv/y and the Armada. By the 
Right Hon. Lobd Macaflay. 16mo. 49. Qd. 

Lord Macanlay's Lays of Ancient Rome. With 90 Illustrations on 
Wood, from the Antique, from Drawings by G. Sceabp. Pep. 4to. 21». 

Miniature Edition of Lord Macanlay's Lays of Ancient Rome, 
"Hth the Illustrations (as above) reduced in Lithography. Imp. 16mo.l(te.6rf. 
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nXOBIES of some;CONTEXPOSABY POETS ; with Selections from 

their Writings. By Emily Taylob. Royal 18mo. 68, 
POEMS. By Jean Inoelow. Thirteenth Edition. Fcp. Svo. 5a. 

POEMS by Jean Ingelow. A New Edition, -with nearly 100 Illustra- 
tions by Eminent Artists, engraved on Wood by the Brothers Dalziel. 
Fcp. 4to. 21«. 

A 8T0E7 of BOOM, and other Poems. By Jean Ingelow. Fcp. 5s, 

POETICAL WORKS of LETITIA ELIZABETH LANDOK (L.E.L.) 

2 vols, lemo, 10s, 

BOWBLER'S FAUILT SHAKSPEARE, cheaper Genuine Edition, 
complete in 1 vol. large type, with 36 Woodcut Illustrations, price 14s. or 
with the same Illubtbatioitb, in 6 pocket vols. 3s. Qd, each. 

SHAXSPEARE'S SONNETS NEVER BEFORE INTERPRETED; 

his Private Friends identified; together with a recovered Likeness of 
Himself. By Gerald Massey. Svo. 18^. 

EORATII OPERA. Library Edition, with Marginal References and 
English Notes. Edited by the Eev. J. E. Tonge. Svo. 2U, 

The £NEID of YIROIL Translated into English Verse. By John 
GoNuroTON, M.A. Crown Svo. 9». 

ARITNDINES CAMI, sive Musarum Cantabrigiensium Lusus canori. 
CoUegit atque edidit H. Dbvby, M.A. Editio Sexta, curavit H. J. HoDesoK, 
M.A. Grown Svo. 7s. dd, 

EIGHT COMEDIES of ARISTOPHANES, viz. the Achamians, Knights, 
Glouds, Wasps, Peace, Birds, Frogs, and Plutus. Translated into Rhymed 
Metres by Lsonabd Hampson Budd, M.A. Svo. 16s. 

PLAYTIME with the POETS : a Selection of the best English Poetry 
fortheuseofGhildren. By a Lady. Revised Edition. Grown Svo. 6s. 

The HOLY CHIIH) : a Poem in Four Cantos; also an Ode to Silence, 
and other Poems. By Stephen Jenkeb, M.A. Fcp. Svo. 5s. 

POETICAL WORKS of JOHN EBMITND REABE ; with final Revision 
and Additions. 3 vols. fcp. ISs. or each vol. separately, 6s. 

The ILIAB of HOMER TRANSLATEB into BLANK VERSE. By 

Ichabod Ghables Weight, M.A. 2 vols, crown Svo. 21s. 

The ILIAB of HOMER in ENGLISH HEXAMETER VERSE. By 
J. Henby Dabt, M.A. of Exeter GoU. Oxford. Square crown Svo. 21s. 

DANTE'S BIVINE GOMEBY, translated in English Terza Bima by 
John Dayilan, M.A. [With the Italian Text, after JBrunetti, lnterpaged.3 
Svo. 21s. 



Rural Sports, &c. 

BLAINE'S ENCYCLOPiBBIA of RURAL SPORTS ; Hunting, Shoot- 
ing, Fishing, Racing, &c. With above 600 Woodcuts (20 from Designs by 
Jomr Leech). Svo. 42s. « 
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Gol. XAWKSR'8 nrREircnOKS to TOime SPOBXSMZH in aU 

that relates to Oons and Shoothis. RenaedligrtlieAiitlKir'sSos. Square 
cnnm Sro. with IUiistratioiia» 18f . 

The BIFLS, iti THSOBT and PllACTICE. By ABTSCm Walkbr 
(79th Hirblanden), Btmff. Hvthe and Fleetwood Schools of Mosketiy. 
Second EditJon. Crown 8to. with 125 Woodcuts^ 5a. 

The HEAD SHOT, or Sportsman's Complete Guide; a Treatise on 
the Use of the Gun. Dos-bremkinir. Pigeon^shootinK, &c. By ULuiXSiLLS, 
Berised Edition. Fcp. 8to. with Plates, 6a 

Tha HiY-FISHSB'S EVTOHOLOeT. By Ai.nua> Bonaum. With 
eoloored Bepresentations of the Natural and Artificial Insect. Sixth 
Edition; with 20 coloured Plates. 8T0.14f. 

A BOOK on AHOLIHO; a complete Treatise on the Art of Angling 
in every branch. By Prafcis Frahcib. Second Edition, with Portrait 
and 15 other Plates, plain and coloured. Post 8vo. 15>. 



HAHDBOOK of AHOUHO : Teaching Fly.fishing, Trolling, Bottora- 
fishing, Salraon-fishing; with the Natural Histoiy of Biver Fish, and the 
best modes of CatchinK them. ByEPHSMX&A. Fq;». Woodcuts, 6«. 



The BILLIABB BOOK. By Captain Cbawusy. With about 100 
Diagrams on Steel and Wood. Sro. ais. 

The CBICKBT TUELD; or, the History and the Science of the Game 
of Cricket. By James Ptcbofe, BA. Fourth Edition. Fcp. 5$. 

The HOBSE-TBAIVEE'S and SPOBTBMAB'S GUIDE : with Consi- 
derations on the Duties of Grooms, on Porchasing Blood Stock, and on 
Veterinary Examination. By Diobt CoLuns. Post8yo.6s. 

The HOBBE'S FOOT, and HOW to KEEP IT SOITKB. By W. 

Miles, Esq. Ninth Edition, with Illustrations. Imperial 8to. I2t. 9d, 

A Plain Treatise on Horse-Shoeing. By the same Author. Post 
8to. with Illustrations, 2s. 9d, 

Btobles and Btoble-Flttings . By the same. Imp. Svo. with 1 3 Plates, 1 5s. 

Bemarks on Horsea' Teeth, addressed to Forchasers. By the same. 
Post Svo. l$,ed. 

On BBILL and MABCEUYBEB of CAYALBT, combined with Horse 
Artillery. By Major-Gen. Michael W. Smith, C.B. Sra 129. 6d, 

BLADTE'S VETEBIBABY ABT ; a Treatise on the Anatomy, Physi- 
ology, and Curative Treatment of the Diseases of the Horse, Neat Cattle 
and Sheep. Seventh'Edition, revised and enlarged by C. Steel, M.ILC.T.S J^. 
Svo. with Plates and Woodcuts, 18«. 

The HOBSE : with a Treatise on Draught. By Wiluam Yottatt. 
New Edition, revised and enlarged. Svo. with numerous Woodcuts, 12s. 6(2. 

The Dog. By the same Author. Svo. with numerous Woodcuts, 6s. 

The BOO in HEALTH and BISEA8E. By Stonbhemqs. With 70 
Tood Engravings. Square erown Svo. 10». 6e^. 
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The OBEYHOUNB. Bj Stonshenob. Bevised Edition, with 24 
Portraits of Greyhoands. Square crown Svo. 21«. 

The OX ; hie Diseases and their Treatment: with an Essay on Fartori- 
tloH in the Cow. By J. B. DoBSOir. Crown Svo. with lUustratioM. 7«. Qd. 



Commerce, Navigation, and Mercantile Affairs. 

BANKING, CirBBENCY, and the EXCHANGES ; a Practical Trea- 
tise. By Abthub CBrMP. Post Svo. 6«. 

The ELEMENTS of BANKING. By Henrt Dunning Macleod, M.A. 
Barrister-at-Law. Post Svo. [Nearly ready. 

The THEOBY and PBACTICE of BANKING. By the same Author. 
Second Edition, entirely remodelled. 2 vols. Svo. 80«. 

ELEMENTS of MABITIME INTEBNATIONAL LAW. By William 
De Bubgh, B.A. of the Inner Temple, Barrister-at-Law. Svo. 109. M. 

PAPEBS on MABITIME LEGISLATION ; with a Translation of the 
German Mercantile Law relating to Maritime Commerce. By Ebnst Emil 
Wbndt. Svo. 10«. 6d. 

PBACTICAL GUIDE for BBITISH SHIPMASTEBS to TTNITEB 

States Ports. By Piebbepont Edwabds. Post Svo. 8^. 6<2. 

A NATTTICAL BICTIONABY, defining the Technical Language ror 
lative to the Building and Equipment of Sailing Vessels and Steamers, ftc. 
By Abthub YotJira. Second Edition ; with Plates and 160 Woodcuts. 
Svo. 1S«. 

A DICTIONABY, Practical, Theoretical, and Historical, of Com- 
merce and Commercial Navigation. By J. B. M'Culloch, Esq. New and 
thoroughly revised Edition, in the press. 

A MANTTAL for NAVAL CADETS. By J. M'Nbil Botd, late Cap- 
tain B.N. Thh-d Edition; with 240 Woodcuts and 11 coloured Plates. 
Post Svo. 12«. 6d. 

The LAW of NATIONS Considered as Independent Political Com- 
munities. By Tbayebb Twiss, D.O.L. Begins Professor of Civil Law in the 
Universityof Oxford. 2 vols. Svo. 30». or separately, Pabt L Pectce, 1£». 
Pabt II. War, 18*. 



Works of Utility and General Information. 



XODEBN COOKEBY for PBIVATE FAMILIES, reduced to a System 
of Easy Practice in a Series of carefuily-tested Beceipts. By Eliza Acton. 
Newly revised and enlarged Edition ; with S Plates of Figures and 160 
Woodcuts. Fcp. 6*. 

On FOOD and its DIGESTION ; an Introduction to Dietetics. By 

W. Bbintoit, M.D. With 4S Woodcuts. Post Svo. 12«. 
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WIHE, the YIKE, and tlie CELLAB. By Thomas G. Shaw. Se- 
cond Edition, revised and enlai^^, with 82 lUustrations. 8vo. 16a, 

HOW TO BBEW OOOB BEEB: a complete Guide to the Art of 
Brewing Ale, Bitteir Ale, Table Ale, Brown Stout, Porter, and Table Beer. 
By JoHH Pitt. Bevised Edition. Pep. 4«. 6d, 

A PBAGTICAL TBEATISE on BBEWHTG ; with Formuhe for Pablic 
Brewers, and Instructions for Private Pamilies. By W. Black. 8vo. 10*. ed, 

VROM WHIST. By Major A. Sixteenth Edition, reyised, with an 
Essay on the Theoiy of the Modem Scientific Qame by Pb07. P. Pep. 8«. M. 

WHIST, WHAT TO LEAB. By Cam. Fourth Edition. 32mo. Is, 

A HANBBOOE for BEADEBS at the BBITISH MBSEBH. By 
Thomas Nichols. Post 8vo. 6«. 

The EXECUTOB'S GUIDE. By J. 0. Hudson. Enlarged Edition, 
revised by the Author, with reference to the latest reported Cases and 
Acts of Parliament. Pep. 68. 

The CABIKET LAWTEB ; a Popular Digest of the Laws of England, 
Civil, Criminal, and Constitutional. Twenty-third Edition, brought down 
to the close of the Parliamentary Session of 1867. Pep. 109. 6d, 

The PHILOSOPHY of HEALTH ; or, an Exposition of the Physio- 
logical and Sanitary Conditions conducive to Human Longevity and 
Happine^. By Southwood Smith, M.D. Eleventh Edition, revised and 
enlarged ; with 113 Woodcuts. 8vo. 7«. 6d. 

HIHTS to MOTHEBS on the MANAGEMENT of their HEALTH 
during the Period of Pregnancy and in the Lying-in Boom. By T.Bull, 
HJ). Pcp.6«. 

The Maternal Management of Children in Health and BiBeaae. By 

the same Author. Pep. 6s, 

The LAW BELATING to BENEFIT BBILBING SOCIETIES; with 
Practical Observations on the Act and all the Cases decided thereon ; also a 
Porm of Rules and Forms of Mortgages. By W. Tidd Pratt, Barrister. 
Second Edition. Pep. Zs. 6d, 

NOTES on HOSPITALS. By Flobekce Nightikoalb. Third Edi- 
tion, enlarged ; with 18 Plans. Post 4to. ISs, 

COBLTHABT'S BECIMAL INTEBEST TABLES at 24 Different Kates 
not exceeding 6 per Cent. Calculated for the use of Hankers. To which are 
added Commission Tables at One-£igl:th and One-Fourth per Cent. 8vo. 

169. 

MABNBEB'S TBEASBBT of ENOWLEDOE and LIBBABY of 

Bflference: comprising an English Dictionary and Grammar, Universal 
Gasetteer, Classical Dictionazr, Chronology. Law Dictionary, a Synopsis 
of the Peerage, uaefiil Tablea ac. Bevisea Edition. Pep. Ids, 6d. 



INDEX. 





M HBV VOBKS PUBLISSBD VT LONOHANB AMD 00. 






'^SS^SS'^::: 






IIMOrTfif SulH 



UiUT '• S^wneki or Uu H>^ 



t'>EUilai>rAriibillE'.'.'.'^"'.'"l.'!I 



Hisi.IT ind BinwK'i Htlta^lgiUN 



Bu«nn>fi«B(ifa< 



s^Hs 



['> WmUwi at Ou 



Ki>uit'>Lika%»iiii<c<Dr''siribM^" i: 



xtKiBiatmi^ Alt.'.'.'.'.'.'.'. 
dwu* Hlftorrof Phlleidpl9 



NEW WOBKB VUBLISHBD BT LONGMANS asd CO. 



SI 



Maoaolat's (Lord) WoAs 1 

Madvaiibbn'i Jjeoturea on Harmony 16 

Macmoo'i Elements of Political Economy 6 

— - Dictionary <if Political Economy 6 

Elemenisof Bankinr 27 

— - Theory and Practice of Banking S7 

UcCvuxwn'i Uictionarr of Commerce S7 

■ Qeofcraphical DictioiuuT 10 

MAocns't Irish in America S3 

Life of Father Mathew 4 

■■ Rome and its Rulers 4 

Maixjmoh's French in India 8 

MAKfriHoon HolyOhost <0 

■ 's England and Christendom 90 

MABaaAi.L*s Phyiiolosry 14 

Marsbman's Life of Havelock & 

History of India 3 

llAanRBAu's Endeavours after the Chris- 

tianLife « 

Hassbt's History of England S 

(O.) on Shakspeare's Sonnets 96 

MAsstiroBKRD's History of the Reformation . . 4 

Maoitdbb's Biographical Treasury 5 

' OeoKraphical Treasury 11 

Historical Treasury 3 

■.. ■ Seieniifloand Literary Treasury 13 

TVeasury-of Knowledge 98 

Treasury of Natural History . . 13 

Mavbt's Physical Oemrraphy 10 

Mat's Constitational History of England. . 2 

MBATXLu'sDigby Grand 24 

General Bounce 24 

01adiat<irs 24 

^Good for Nothing SI 

Holmby House 84 

Interpreter S4 

KateCk>ventry S4 

Queen's Maries 24 

MbitdbiiSSobn's LiCtters 4 

Mbbitai.b*s(H.) Historical Studies S 

■~-~...-..— (C.) Fall of the Roman Republie 8 

Romans under the Empire 3 

MzLBs on Horse's Foot and Horseshoeing.. . S6 

on Horves* Teeth and Subles S6 

Miu. onLiberty 6 

on Representative Government 6 

■ on Utilitarianism 6 

BfuL's Dissertations and Discussions 6 

Political Kconomy 6 

System of Losrio 6 

Hamilton's Philosophy 6 

St. Andrews' Inaugural Address .. 6 

MiLi.aR*sEl<>ments of Chemistry 14 

MiTCHBX.L*s Manual of Assaying 18 

MoNSBix's Beatitudes SI 

His Piesence— not his Memory.. 21 

'Spiritual Songs* 21 

MoKTOoMBRT on Preiraancy 14 

MooRB'sIrish Melodies » 24 

LallaRookh 24 

Poetical Works 24 

(Dr. G.) First Man 12 

MoBBix's Elemen ts of Psydiology 9 

Mental Philosophy g 

Mosbbim's Ecclesiastical History 21 

Mosakt's Letters 4 

MUixbb's (Max) Chips A-om a German 

Workshop 9 

- ■ . Lectures on the Science of 

I/angnage 7 

- -. (K. O.) Literature of Ancient 

Greece 2 

MvBOHisoir on Continued Fevers 14 

M vrb's Language and Literature of Oieeoe 2 

New Testamentflllnstrated with Wood En- 
gravings from the Old Masters 16 

NawMAiTs HIikMT of hii*ReUgioiM Oiidiiioni 4 



NicBoi.As's Pediffree of the English People 9 

NicBou' Handbook to the British Museum 88 

Kiobtinoaz.ii'( Notes on Uasfdtals 28 

Niuson's Scandinavia IS 

Oduko's Animal Chemistry 14 

Course of Practical Chemistry .... 14 

Manual of Chemistry 14 

Original Designs for Wood Carving 17 

OwBif's Lectures on the Invertebrate Ani- 
mals 12 

■ Comparative Anatomy and Physio- 
logy of Vertebrate Animala ...... 19 

OxBMBAM on Atonement ,. fO 

PACKB'sGuide to the Pyrenees 22 

Paobt's Lectures on Runrical Pathology ;.. 14 

Psbbira's Manual of Materia Medica 82 

Pbrkinb's Tuscan Sculptors lb 

Phillips's Guide to Geology \t 

Pictures in Tyrol ; S2 

Pibssb's Art of Perfumery 18 

Chemical, Natural, and Fhyiical 

Mafic 18 

Fikb's English and their Origin 9 

Pitt on Brew ing 28 

Playtime with the Poets 95 

Pratt's Law of Buildins Societies 98 

Prbscott's Scripture Difficulties 19 

Prootor's Saturn 10 

Handbook of the Stars !• 

Ptcroft's Course of EngUsh Beading 7 

CricketField M 

Baibbs's Englishman in India 98 

Rbadb's Poetical Works 96 

Recreations of a Countnr Parson 8 

RaiLT'sMapof Mont Blanc 99 

RivBRs's Rose Amateur's (juide IS 

RooBRs'k Correspondence of Greyson 9 

Eclipse of Faith 9 

—— Defence of ditto 9 

Essays f^om thr Kdinbwrgh Review 9 

Reason and Faith 9 

Boobt's Thesaurus of EngUsh Words uid 

Phrases 7 

Ron A Los's Fly-Fisher's Entomology 98 

Rowton's Debater 7 

Ruod's Aristophsnes 96 

BussBU. on Government and Constitution . . I 

SAfTDABs'a Justinian's Institutes 6 

Schobbrt's Life, translated by Colbridgb.. 6 

Scott's Lectures on the Fine Arts 16 

Sbkbobm'b < >z«ord Reformers of 1498 ? 

Sbwbu's After Life 98 

Amy Herbert 98 

CleveHall 98 

Earl's Dautchter S3 

Examination for Confirmation ... 90 

Experience of Life 93 

Gertrude 93 

Glimpse of the World 93 

History of the Early Church 8 

Ivors .- 98 

Journal of a Home Ltfe 88 

-Katharine Ashton 28 

Laneton Parsonage S8 

Margaret Prreival 98 

Passinir Thoughts on Religion .... 90 

^Preparation fbr Communion 90 

FliDclples of Education 90 
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Bbwhu's BMdingtfor Confliinfttioii SO 

Kfdtngi for Lent .,> » 

^T»lMaiidBtoric« S3 

Unnla S8 

Bbaw's Work on Wine S8 

BsBPBBBD't Iceland SS 

Sbiput'i Church and the World 19 

Tractofor the Day SO 

Bhoct WhUt S8 

Sbobt'i Church EDatorr S 

8Mm*s (SoimwooD) FhtloeoDhy of Health S8 

(J.) Paul't Yo7i«e and Shipwreck. . 18 

(G.) Kinf Dayid 119 

. Weueyan Methodinn 4 

C8n»i«BT) Mitoellaneous Work! .... 8 

Moral Philo«>ph7 .-, 8 

WitandWiMlom 9 

Smith on Cavalry Drill and ManoraTret. ... S6 

flovnn't (Doctor) 7 

Poetical Wwkj. 24 

Sprlngdale Abbey S3 

SvAwuT'tHiitoryof BritiahBirda IS 

STBBBuf a'f Analyiis of Mixx't Locie 6 

SnnDur's Eiiays in Eocledastical Bio- 

gnM>hy. 5 

liectnrei on Hiitory of France.. S 

BnauHo's Secret of Hegel 9 

0ToirBBSNOB on the Dog S6 

on the Greyhonnd. S7 

finnday Aftemooni at the Parish Church of 
a Scottish University City (Aberdeen). ... 8 



TAnoa*! (Jeremy) Works, edited by Edbh 21 
— >- (S.) Selections from some Contem- 
porary Poets S6 

TairirBHT'i Ceylon 13 

^Wirn Elephant 13 

Thirlwaix's History of Greece 8 

Tbomson's (Archbishop) Laws of Thought 6 

(A. T.) Conspectus 15 

TiMBi's Curiosities of London S3 

Tooo (A.) on Parliamentary Government . . 1 
ToDD*s CydopsBdia of Anatomy and Phy- 
siology 14 

and Bowman's Anatomy and Phy- 
siology of Man> , 15 

Troxxopb's Barchester Towers 23 

^Warden.: S3 

Twiis'sLawof Nations S7 



TmoAxx's LeetarcsonHeat u 

Bonnd 11 

^ Memoir of Fabadat & 

Uas's Dictionary of Arts, Manufhetures, 

aadMinee 17 



Vaic Dan Hobvbm 's Handbook of Zoology . . 11 
Yauokaii's (B.) Bevolatlons in English 

Histqnr 1 

Way toBest 10 

WAi.KBa on the Bille 26 

Wabo's Workmen and Wages 6 

Watson's Principles and Practice of Physic 14 

Watts's Dictionary of Chemistoy 13 

Wbbb's Otijects for Common Telesoimes. ... 10 

Wbbstbb tt Wilkinson's Greek Testwnent 19 

Wbld's Florence SS 

Wbixinoton's Lifle, by the Bev G. R. 

Glbio 4 

WaxxionDew 11 

Wrndt's Papers on Karitime Law 27 

Wbst on Children's Diseases 14 

Whatblt's English Synonymes 5 

. . Logic 5 

^Rhetoric 5 

Life and Correspondence 4 

Whatblt on the Truth of Christianity. ... 21 

Beligions Worship SI 

Whist, what to lead, by Cam SB 

Wbitb and Binnu't Latin-English Dic- 
tionaries 7 

WiNSLow on Light II 

Wood's Bible Animals 18 

^ Homes without Hands is 

WaioHT's Homer's Iliad S5 

Yonob's English-Greek Lexicon 7 

Abridgedditto 7 

Horace 25 

YocNo's Nautical Dictionary 87 

YocATTon theDog 86 

onthe Horse 86 
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